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Introduction

Composite Function Optimization Problem

min, f(x) = ix’ Ax + x' b +h(x)

Assumption
« A is symmetric positive semi-definite
e h(-) is separable

Convex h(-)
h(x) = [Ix]l1
4 O’
h(x) = <\ o,

x > 0;
else.

'V'

q(x)

Nonconvex h(-)

h(x) =

g

h(x) = <

%l

0,
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Introduction

* Optimization Problem
min, f(x) = ix" Ax + x' b +h(x)

_v

q(x)
Existing Solution: Proximal Gradient Method

x* Tl < min, g(z,2") + h(x)
Va.x, a(x) < a(2) + (Va(z).x — ) + §lx - 23

Y e

9(x,2)
x" T = prox,, (x* —yve(x¥))
prox; (a) = arg miny %|/x — al|3 + h(x)

— (I+0h)"(a) ;




Introduction: Motivation

prox; (a) = argmin, =[x — al|j + h(x)

Existing Method

B = Scaled Identity Matrix

Closed Form Solution

Proximal Operator

prox; (a) = (L + dh) ! (a)

/

resolvent of h

New Method

B = Triangle Matrix

Closed Form Solution

Triangle Proximal Operator

prox; (a) = (B + 0h)~!(a)

/

triangle resolvent of h ? .
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A Toy

Problem

10°

Objective

L
A\

===Classical PGM (constant)
== Classical PGM (line search)
== Accerlated PGM (constant)
Accerlated PGM (line search)
== Matrix Splitting Method
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lteration
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(a) min s|Cx —dJ|3

== Classical PGM (constant)
== Classical PGM (line search)

o 104 - —+=Accerlated PGM (constant) | |
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13 ——Matrix Splitting Method
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(b) min 3[|Cx —d|5 + [Ix[lo
% 2

Our matrix splitting method Significantly outperforms existing popular
proximal gradient methods in term of both efficiency and efficacy.
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Proposed Matrix Splitting Method

min, f(x) £ ix? Ax + x''b + h(x)

A£L+D+L"

A, 0 0 0 0 0
SEL+1D+0D)+L" +L(w-1)D-0I) D=| 0 Azs 0 |, L=1Ay; 0 0
N “ /N ~ / 0 0 Agjgs Az Az 0

Optimality Condition = Fixed-Point X — T(X)
0 (B+C)x+Db+dh(x)
—Cx—b e (B+0h)x
x € —(B+ 0h)"1(Cx + b)
Fixed-Point Iterative Scheme

| xk+1 = T(x*) £ (B + 0h)~!(—Cx" — b)
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Proposed Matrix Splitting Method

« How to compute operator 7 (x*) ?
find z* that: 0 € Bz* +u+ 0h(z*), where u = b + Cx*

e Using forward substitution !

" By 0 0 0 0 z
B2’1 B2’2 0 0 0 Z;
0oec| A 0 0 | +u+ on(z)
Bn—l,l Bn—1,2 T Bn—l,n—l 0 Z;I:L_l
i Bn,l Bn,2 e Bn,n—l Bn,n_ Z:;,
|t reduces to 1-dimensional sub-problem

0€ Bj,jz;’f +w; + 8h(z;f), where w; = u; + Zj;f B;.z;

Z}'f — t* é argtmin %Bj,th —+ th + h(t)
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Proposed Matrix Splitting Method

« Condition ¢ = % + 272 min(diag(D)) > 0
« Simple Choice: ¢ (0,2), 8 =0.01
» Convergence Results

« Monotone Non-increasing and Convergent

PO - Fat) < 3 IR 3

e Q-linear Convergence Rate
f(xk"'l)—f(x*) < Ch
fxF)=f(x*) — 1+Cy

« lteration Complexity

f(xk) — f(X*) < uo(Q(inl)ka if \/fk — f’H—l > 03/047 " < ]%
% if /%= fHE < ) C, H 2 049
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Extensions: Nonconvex Case

min, f(x) = ix" Ax + x' b +h(x)

'V'

q(x)
» Using the same method to compute 7 (x*)
It reduces to solve: ¢+ 2 argmin 1B, ;2 + w;t + h(t)
t

 Condition ¢ = min (0/w + (1 — w)/w - diag(D)) > 0
Simple Choice: w <1, 6=0.01

* Convergence Result
Monotonically Nonincreasing and Convergent

PO = Fla) < =0 xR 3
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Extensions: Matrix Case

—_—
q(x)

« Applications: NMF, Sparse Coding
* Using the same method to decompose A

A=B+C

» Solve the following nonlinear equation w.r.t. Z*:
BZ* + R+ CX" + 0h(Z*) € 0

|t can be decomposed into independent components.
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Extensions: Non-guadratic Case
min. f(x) 2 q(x) + h(x)
Majorization Minimization
x* Tl « min, g(x,2") + h(x)
Quadratic Surrogate (Second Order Upper Bound)

q(x) < g(x, ") £ (") + (Vq(z¥), z — zF)

=(x — )T M(x — o), with M > V= f(a*)

Line Search (as in Damped Newton)

xFTl « xF 4 B(xFT — xF)

15
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Experiments on NMF

data n [17] [14] [14] [10] [13] ours data n [17] [14] [14] [10] [13] ours
PG AS BPP APG CGD MSM PG AS BPP APG CGD MSM
time limit=20 time limit=40

20mews | 20 | 5.001e+06 | 2.762e+07 | 8.415e+06 | 4.528e+06 | 4.515e+06 | 4.506e+06 ([ 20news | 20 | 4.622e+06 | 2.762e+07 | 7.547e+06 | 4.495e+06 | 4.500e+06 | 4.496e+06
20news | 50 | 5.059e+06 | 2.762e+07 | 4.230e+07 | 3.775e+06 | 3.54de+06 | 3.467e+06 | 20news | 50 | 4.386e+06 | 2.762e+07 | 1.562e+07 | 3.564e+06 | 3.478e+06 | 3.438e+06
20news | 100 | 6.955e+06 | 5.77%+06 | 4.453e+07 | 3.658e+06 | 3.971e+06 | 2.902e+06 | 20news | 100 | 6.486e+06 | 2.762e+07 | 4.223e+07 | 3.128e+06 | 2.988e+D6 | 2.783e+06
20news | 200 | 7.675e+06 | 3.036e+06 | 1.023e+08 | 4431e+06 | 3.573e+07 | 2.81%+06 || 20news | 200 | 6.731e+06 | 1.934e+07 | 1.003e+08 J0de+06 | 5.744e+06 | 2.407e+06
20news | 300 | 1.997e+07 | 2.762e+07 | 1.956e+08 | 4.519e+06 | 4.621e+07 | 3.202e+06 | 20news | 300 | 1.041e+07 | 2.762e+07 | 1.932e+08 .621e+06 | 4.621e+07 | 2.543e+06
COIL | 20 | 2.00de+09 | 5.480e+09 | 2.031e+09 | 1.974e+09 | 1.976e+00 | 1.975e+00 || COIL 20 | 1.987e+09 | 5.141e+09 | 2.010e+09 974e+09 | 1.975e+09 | 1.975e+09
COIL | 50 | 1.412e+09 | 1.516e+10 | 6.962e+09 | 1.291e+09 | 1.256e+09 | 1.252e+00 || COIL 50 | 1.308e+09 | 2.403e+10 | 5.032e+09 262e+09 | 1.250e+09 | 1.248e+09
COIL | 100 | 2.960e+09 | 2.834e+10 | 3.222e+10 | 9.919e+08 | 8.745e+08 | 8.510e+08 || COIL | 100 | 2.922e+09 | 2.834e+10 | 2.086e+10 | 9.161e+08 | 8.555e+08 | 8.430e+08
COIL | 200 | 3.371e+09 | 2.834e+10 | 5.229e+10 | 5.495e+08 | 5.959e+08 | 5.000e+08 || COIL | 200 | 3.361e+09 | 2.834e+10 | 4.116e+10 | 7.075e+08 | 5.584e+08 | 5.289e+08
COIL | 300 | 3.990e+09 | 2.834e+10 | 1.017e+11 | 8.493e+08 | 5.002e+08 | 4.956e+08 || COIL | 300 | 3.920e+09 | 2.834e+10 | 7.040e+10 | 6.221e+08 | 4.384e+08 [ 4.294e+08
TDT2 | 20 | 1.597e+06 | 2.211e+06 | 1.688e+0D6 | 1.591e+06 S505e+06 | 1.592e+06 | TDT2 20 | 1.595e+06 | 2.211e+06 | 1.643e+06 | 1.591e+06 | 1.594e+D6 | 1.592e+06
TDT2 | 50 | 1.408e+06 | 2.211e+06 | 2.895e+06 | 1.393e+06 300e+06 | 1.385e+06 || TDT2 50 | 1.394e+06 | 2.211e+06 | 1.933e+06 | 1.392e+06 | 1.388e+D6 | 1.384e+06
TDT2 | 100 | 1.300e+06 | 2.211e+06 | 6.187e+0D6 | 1.222e+06 224e+06 | 1.214e+06 || TDT2 | 100 | 1.229e+06 | 2.211e+06 | 5.25%e+06 | 1.213e+06 | 1.216e+06 | 1.211e+06
TDT2 | 200 | 1.628e+06 | 2.211e+06 | 1.791e+07 | 1.119e+06 227e+06 | 1.079+06 || TDT2 | 200 | 1.389%+06 | 1.547e+06 | 1.716e+07 | 1.046e+06 | 1.070e+06 | 1.041e+06
TDT2 | 300 | 1.915e+06 | 1.854e+06 | 3.412e407 | 1.172e+06 | 7.902e+00 | 1.066e+06 || TDT2 | 300 | 1.949+06 | 1.836e+06 | 3.369e+07 | 1.008e+06 | 1.155e+06 | 9.776e+05

Lad

[E— P Y TS

time limit=30 time limit=50
20mews | 20 | 4716e+06 | 2.762e+07 | 7.471e+06 | 4510e+06 | 4.503e+06 | 4.500e+06 || 20news | 20 | 4.565e+06 | 2.762e+07 | 6.93%e+06 | 4.488e+06 | 4.498:+06 | 4.494e+06
20mews | 50 | 4569e+06 | 2.762e+07 | 5.034e+07 | 3.628e+06 | 3.495e+06 | 3.446e+06 || 20news | 50 | 4.343e+06 | 2.762e+07 | 1.813e+07 | 3.525e+06 | 3.4609e+06 | 3.432e+06
20mews | 100 | 6.630e+06 | 2.762e+07 | 4.316e+07 | 3.203e+06 | 3.223e+06 | 2.817e+06 || 20news | 100 | 6.404e+06 | 2.762e+07 | 3.955e4+07 | 3.046e+06 | 28782406 | 2.765e+06
20mews | 200 | 6.901e+06 | 2.762e+07 | 1.015e+08 | 3.600e+06 | 7.676e+06 | 2.507e+06 || 20news | 200 | 5.930e+06 | 2.762e+07 | 9.925e+07 | 3.121e+06 | 4538406 | 2.35%9e+06
20mews | 300 | 1.354e+07 | 2.762e+07 | 1.942e+08 | 4519e+06 | 4.621e+07 | 3.007e+06 || 20news | 300 | 9.258e+06 | 2.762e+07 | 1.912e+08 | 3.621e+06 | 2.323e+07 | 2.331e+06
COIL 20 | 1.992e+09 | 4.405e+09 | 2.014e+09 | 1.974e+09 | 1.975e+09 | 1.975e+09 COIL 20 | 1.982e+09 | 7.136e+09 | 2.033e+09 | 1.974e+09 | 1.975e+09 | 1.975e+09
COIL 50 | 1.335e+09 | 2.420e+10 | 5.772e+09 | 1.272e+00 | 1.252e+09 | 1.250e+09 COIL 50| 1.298e+09 | 2.834e+10 | 4.365e+09 258e+09 | 1.248e+09 | 1.248e+09
COIL | 100 | 2.936e+00 | 2.834e+10 | 1.814e+10 | 9.422e+08 | 8.623e+08 | 8.458e+08 COIL | 100 | 1.945e+09 | 2.834e+10 | 1.428e+10 | 9.014e+08 | 8.516e+08 | 8.414e+08
COIL | 200 | 3.362e+09 | 2.834e+10 | 4.627e+10 | 7.614e+08 | 5.720e+08 | 5.392e+08 COIL | 200 | 3.362e+09 | 2.834e+10 | 3.760e+10 TT1e+08 | 5.491e+08 | 5.231e+08
COIL | 300 | 3.946e+09 | 2.834e+10 | 7.417e+10 | 6.734e+08 | 4.609e+08 | 4.544e+08 COIL | 300 | 3.905e+09 | 2.834e+10 | 6.741e+10 B05e+08 | 4.226e+08 | 4.127e+08
TDT2 20 | 1.395e+06 | 2211e+06 | 1.667e+06 | 1.591e+06 | 1.594e+06 | 1.592e+06 TDT2 200 | 1.595e+06 | 2.211e+06 | 1.622e+06 S9le+06 | 1.594e+06 | 1.592e+06
TDT2 50 | 1.397e+06 | 2211e+06 | 2.285e+06 | 1.393e+06 | 1.38%e+06 | 1.385e+06 TDT2 50 | 1.393e+06 | 2.211e+D6 | 1.875e+06 392e+06 | 1.386e+06 | 1.384e+06
TDT2 | 100 | 1.241e+06 | 2211e+06 | 5.702e+06 | 1.216e+06 | 1.219+06 | 1.212e+06 TDT2 | 100 | 1.223e+06 | 2.211e+06 | 4.831e+06 | 1.212e+06 | 1.214e+06 | 1.210e+06
TDT2 | 200 | 1.484e+06 | 1.878e+06 | 1.753e+07 | 1.063e+06 | 1.10de+06 | 1.049+06 TDT2 | 200 | 1.267e+06 | 2.211e+06 | L671e+07 | 1.040e+06 | 1.054e+06 | 1.036e+06
TDT2 | 300 | 1.879e+06 | 2211e+06 | 3.398e+07 | 1.060e+06 | 1.6609e+06 | 1.007e+06 TDT2 | 300 | 1.903e+06 | 2.211e+06 | 3.328e+07 | 9.775e+05 | 1.045e+06 | 9.6062+03

-
h
-
h

= Lh O

Table 1: Comparisons of objective values for non-negative matrix factorization for all the compared methods. The 15¢, 274,
and 377 best results are colored with red, blue and green, respectively.
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Experiments on £ Sparse Coding
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Future Work

* Further Acceleration

* Nesterov’s Momentum Strategy

* Richardson’s Extrapolation Strategy
 When A s Sparse > Sparse Gaussian Elimination
Linearized ADMM -> Triangle Proximal ADMM
Matrix Splitting = Operator Splitting
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