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ABSTRACT

This paper introduces a novel approach to solving multi-block nonconvex com-
posite optimization problems through a proximal linearized Alternating Direction
Method of Multipliers (ADMM). This method incorporates an Increasing Penal-
ization and Decreasing Smoothing (IPDS) strategy. Distinguishing itself from
existing ADMM-style algorithms, our approach (denoted IPDS-ADMM) impos-
es a less stringent condition, specifically requiring continuity in just one block
of the objective function. IPDS-ADMM requires that the penalty increases and
the smoothing parameter decreases, both at a controlled pace. When the asso-
ciated linear operator is bijective, IPDS-ADMM uses an over-relaxation stepsize
for faster convergence; however, when the linear operator is surjective, IPDS-
ADMM uses an under-relaxation stepsize for global convergence. We devise a
novel potential function to facilitate our convergence analysis and prove an oracle
complexity O(ε−3) to achieve an ε-approximate critical point. To the best of our
knowledge, this is the first complexity result for using ADMM to solve this class
of nonsmooth nonconvex problems. Finally, some experiments on the sparse PCA
problem are conducted to demonstrate the effectiveness of our approach.

1 INTRODUCTION

We consider the following multi-block nonconvex nonsmooth composite optimization problem:

min
x1,x2,...,xn

n∑
i=1

[fi(xi) + hi(xi)], s.t. [

n∑
i=1

Aixi] = b, (1)

where b ∈ Rm×1, Ai ∈ Rm×di , xi ∈ Rdi×1, and i ∈ [n] , {1, 2, . . . , n}. We assume
fi(·) : Rdi×1 7→ (−∞,∞) is differentiable and potentially nonconvex for all i ∈ [n]. The function
hi(·) : Rdi×1 7→ (−∞,∞] is assumed to be closed, proper, lower semi-continuous, and poten-
tially nonsmooth. While hn(·) is convex, we do not require convexity for hi(·) for i ∈ [n − 1].
Additionally, we assume the nonconvex proximal operator of hi(·) is easy to compute for all i ∈ [n].

Problem (1) has a wide range of applications in machine learning. The function fi(·) plays a cru-
cial role in handling empirical loss, including neural network activation functions (Liu et al., 2022;
Zeng et al., 2021; Wang et al., 2019a; Huang et al., 2019). Incorporating multiple nonsmooth reg-
ularization terms hi(·) enables diverse prior information integration, including structured sparsity,
low-rank, binary, orthogonality, and non-negativity constraints, enhancing regularization model ac-
curacy. These capabilities extend to various applications such as sparse PCA, overlapping group
Lasso, graph-guided fused Lasso, and phase retrieval.

I ADMM Literature. The Alternating Direction Method of Multipliers (ADMM) is a versatile
optimization tool suitable for solving composite constrained problems as in Problem (1), which
pose challenges for other standard optimization methods, such as the accelerated proximal gradient
method (Nesterov, 2003) and the augmented Lagrangian method (Zeng et al., 2022; Lu & Zhang,
2012; Zhu et al., 2023; Lin et al., 2022). The standard ADMM was initially introduced in (Gabay
& Mercier, 1976), and its complexity analysis for the convex settings was first conducted in (He &
Yuan, 2012; Monteiro & Svaiter, 2013). Since then, numerous papers have explored the iteration
complexity of ADMM in diverse settings. These settings include acceleration through multi-step
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Table 1: Comparison of existing nonconvex ADMM approaches. CVX: convex. NC: nonconvex.
LCONT: Lipschitz continuous. WC: weakly convex. RWC: restricted weakly convex. I: An is identity.
SU: An is surjective with λmin(AnA

T
n) > 0. IN: An is injective with λmin(AT

nAn) > 0. BI: An

is bijective (both surjective and injective). IM: Im([A1,A2, . . . ,An−1]) ⊆ Im(An) with Im being
the image of the matrix.

Reference Optimization Problems and Main Assumptions Complexity Parameter σBlocks Functions fi(·) and hi(·)a Matrices Ai

(He & Yuan, 2012) n = 2 CVX: fi, hi,∀i ∈ [2] feasible O(ε−2) b σ = 1
(Li & Pong, 2015) n = 2 NC: h1, f2; f1 = h2 = 0 SU O(ε−2) σ = 1
(Yang et al., 2017) c n = 3 CVX: h1, f3; NC: h2; f1 = f2 = h3 = 0 I O(ε−2) σ ∈ [1, 2)
(Yashtini, 2022) n = 2 NC: f[1,2], h[1,2]; h2 = 0 BI O(ε−2) σ ∈ (0, 1)
(Yashtini, 2021) n ≥ 2 WC: f[1,n−1]; h[1,n] = 0 BI, IM O(ε−2) σ ∈ (0, 1)
(Wang et al., 2019b) n ≥ 2 RWC: h[1,n−1]; hn = 0 IN, IM O(ε−2) σ = 1
(Boţ & Nguyen, 2020) n = 2 NC: h[1,n], f[1,n]; f1 = h2 = 0 I O(ε−2) σ ∈ [1, 2)
(Boţ et al., 2019) n = 2 NC: h[1,n], f[1,n]; f1 = h2 = 0 SU O(ε−2) σ ∈ (0, 1)
(Huang et al., 2019) n ≥ 2 CVX: h[1,n]; hn = 0 BI O(ε−2) σ = 1
(Li et al., 2022)d n = 2 NC: f1, h1; CVX: h2; f2 = 0; LCONT: h2 I O(ε−4) σ = 1
Ours n ≥ 2 NC: h[1,n−1], f[1,n]; CVX: hn; LCONT: hn, fn BI O(ε−3) σ ∈ [1, 2)
Ours n ≥ 2 NC: h[1,n−1], f[1,n]; CVX: hn; LCONT: hn, fn SU O(ε−3) σ ∈ (0, 1)

Note a: The notation hn = 0 indicates that, for the n-th block, the non-smooth part is absent and the objective
function is smooth.
Note b: The iteration complexity relies on the variational inequality of the convex problem.
Note c: We adapt their application model into our optimization framework in Equation (1) with (L, S, Z) =
(x1,x2,x3), as their model additionally requires the linear operator for the other two blocks to be injective.
Note d: This paper focuses manifold optimization problem with a fixed large penalty and a fixed small stepsize.

updates (Pock & Sabach, 2016; Li et al., 2016; Ouyang et al., 2015; Shen et al., 2017; Tran Dinh,
2018), asynchronous updates (Zhang & Kwok, 2014), Jacobi updates (Deng et al., 2017), non-
Euclidean proximal updates (Gonçalves et al., 2017b), and extensions to handle more specific or
general functions such as strongly convex functions (Nishihara et al., 2015; Lin et al., 2015a; Ouyang
et al., 2015), nonlinear constrained functions (Lin et al., 2022), and multi-block composite functions
(Lin et al., 2015b; Xu et al., 2017).

I Nonconvex ADMM. Compared to the classical Subgradient Methods (Li et al., 2021; Davis &
Drusvyatskiy, 2019) and Smoothing Proximal Gradient Methods (SPGM) (Böhm & Wright, 2021),
designed for general nonconvex optimization, ADMM-type methods potentially offer faster conver-
gence, enhanced parallelization, and greater numerical stability. However, the convergence analysis
of the nonconvex ADMM is challenging due to the absence of Fejér monotonicity in iterations. In
the past decade, significant research has focused on exploring various nonconvex ADMM variants
(Li & Pong, 2015; Hong et al., 2016; Yang et al., 2017). (Li & Pong, 2015) establishes the con-
vergence of a class of nonconvex problems when a specific potential function associated with the
augmented Lagrangian satisfies the Kurdyka-Łojasiewicz inequality. (Yang et al., 2017) analyzes
ADMM variants for solving low-rank and sparse optimization problems. (Hong et al., 2016) in-
vestigates ADMM variants for nonconvex consensus and sharing problems. Some researchers have
examined ADMM variants under weaker conditions, such as restricted weak convexity (Wang et al.,
2019b), restricted strong convexity (Barber & Sidky, 2024), and the Hoffman error bound (Zhang &
Luo, 2020). However, existing methods all assume the smoothness of at least one block. In contrast,
our approach imposes the fewest conditions on the objective function by employing an Increasing
Penalization and Decreasing Smoothing (IPDS) strategy.

I Over-Relaxed and Under-Relaxed ADMM. Prior studies have analyzed ADMM using either
under-relaxation stepsizes σ ∈ (0, 1), or over-relaxation stepsizes σ ∈ [1, 2), for updating the dual
variable. This contrasts with earlier approaches that employed fixed values such as 1 or the golden
ratio (

√
5 + 1)/2. In nonconvex settings, most existing works require that the associated matrix

of the problem be bijective (Gonçalves et al., 2017a; Yang et al., 2017; Yashtini, 2022; 2021; Boţ
& Nguyen, 2020). However, the work of (Boţ et al., 2019) demonstrates that ADMM can still
be applied when the associated matrix is surjective, provided that an under-relaxation stepsize is
employed. Inspired by these findings, our work shows that when the associated linear operator is
bijective, IPDS-ADMM uses an over-relaxation stepsize for faster convergence. In contrast, when
the linear operator is surjective, we employ under-relaxation stepsizes to achieve global convergence.

I Other Works on Accelerating ADMM. Significant research interest has focused on accelerating
ADMM for nonconvex problems. The work by (Hien et al., 2022) explore the use of an inertial
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force, an approach further investigated in studies by (Pock & Sabach, 2016; Le et al., 2020; Boţ
et al., 2023; Phan & Gillis, 2023), to enhance the performance of nonconvex ADMM. Additionally,
studies by (Huang et al., 2019; Bian et al., 2021; Liu et al., 2020) have employed variance-reduced
stochastic gradient descent to decrease the incremental first-order oracle complexity in addressing
composite problems characterized by finite-sum structures.

I Existing Challenges. We consider the linearly-constrained optimization problem in Problem (1),
which involves (n − 1) potentially nonsmooth, nonconvex, and non-Lipschitz composite functions
hi(·) for i ∈ [n− 1], and one convex, non-smooth composite function hn(·). Existing ADMM-type
methods are unable to solve this problem as they require at least one of the composite functions to
be smooth (i.e., hn(·) = 0). In the special case where An = I and hn(·) is the indicator function
of orthogonality constraints, the Riemannian ADMM (RADMM) algorithm (Li et al., 2022) can
solve Problem (1). However, its iteration complexity is suboptimal compared to our method, and it
is unable to handle linearly-constrained problems, particularly when An is subjective. We make a
comparison of existing nonconvex ADMM approaches in Table 1.

I Our Contributions. Our main contributions are summarized as follows. (i) We introduce IPDS-
ADMM to solve the nonconvex nonsmooth optimization problem as in Problem (1). This approach
imposes the least stringent condition, specifically requiring continuity in only one block of the ob-
jective function. It employs an Increasing Penalization and Decreasing Smoothing (IPDS) strategy
to ensure convergence (See Section 3). (ii) IPDS-ADMM achieves global convergence when the
associated matrix is either bijective or surjective. We establish that IPDS-ADMM converges to an
ε-critical point with a time complexity of O(1/ε3) (See Section 4). (iii) We have conducted exper-
iments on the sparse PCA problem to demonstrate the effectiveness of our approach. (See Section
5).

I Assumptions. Through this paper, we impose the following assumptions on Problem (1).
Assumption 1.1. Each function fi(·) is Li-smooth for all i ∈ [n] such that ‖∇fi(xi)−∇fi(x̀i)‖ ≤
Li‖xi − x̀i‖ holds for all xi ∈ Rdi×1 and x̀i ∈ Rdi×1. This implies that |fi(xi) − fi(x̀i) −
〈∇fi(x̀i),xi − x̀i〉| ≤ Li

2 ‖xi − x̀i‖22 (cf. Lemma 1.2.3 in (Nesterov, 2003)).
Assumption 1.2. The functions fn(·) and hn(·) are Lipschitz continuous with some constants Cf
and Ch, satisfying ‖∇fn(xn)‖ ≤ Cf and ‖∂hn(xn)‖ ≤ Ch for all xn.

Assumption 1.3. We define λ , λmax(AnA
T
n), λ , λmin(AnA

T
n), λ′ = λmin(AT

nAn). Either of
these two conditions holds for matrix An:
a) Condition BI: An is bijective (i.e., λ = λ′ > 0), and it holds that κ , λ/λ < 2.
b) Condition SU: An is surjective (i.e., λ > 0, and λ′ could be zero).

Assumption 1.4. Given any constant β̄ ≥ 0, we let Θ′ , infx1,x2,...,xn

∑n
i=1[fi(xi) + hi(xi)] +

β̄
2 ‖[
∑n
i=1 Aixi]− b‖22. We assert that Θ′ > −∞.

Assumption 1.5. Let i ∈ [n]. The proximal operator Proxi(x
′
i;µ) , minxi

µ
2 ‖xi − x′i‖22 + hi(xi)

can be computed efficiently and exactly for any given x′i ∈ Rdi×1 and µ > 0.
Assumption 1.6. If

∑n
i=1[fi(xi) + hi(xi)] < +∞, it follows that ‖xi‖ < +∞ for all i ∈ [n].

Assumption 1.7. Let i ∈ [n]. Assume the vector x′i ∈ Rdi×1 is bounded. Then, for any µ ∈ (0,∞),
the set Proxi(x

′
i;µ) is also bounded.

Remarks. (i) Assumption 1.1 is commonly used in the convergence analysis of nonconvex algo-
rithms. (ii) Assumption 1.2 imposes a continuity assumption only for the last block, allowing other
blocks of the function hi(xi)

n−1
i=1 to be nonsmooth and non-Lipschitz, such as indicator functions of

constraint sets. It ensures bounded (sub-)gradients for fn(·) and hn(·), a relatively mild requirement
that has found use in nonsmooth optimization (Li et al., 2022; 2021; Huang et al., 2019; Böhm &
Wright, 2021). (iii) Assumption 1.3 demands a condition on the linear matrix Ai for the last block
(i = n), while leaving Ai unrestricted for i ∈ [n − 1]. (iv) Assumption 1.4 ensures the well-
defined nature of the penalty function associated with the problem, as has been used in (Gonçalves
et al., 2017a). Furthermore, Assumption 1.4 can be satisfied if

∑n
i=1[fi(xi) + hi(xi)] > −∞. (v)

Assumption 1.5 is frequently employed in nonconvex ADMM frameworks (Li & Pong, 2015; Boţ
et al., 2019). Common examples of functions hi(xi) arising in practical applications include those
discussed in (Gong et al., 2013), `0 regularization, `1/2 regularization (Zeng et al., 2014), and in-
dicator functions of cardinality constraints, matrices with orthogonality constraints (Lai & Osher,

3



2014), and matrices with rank constraints, among others. (vi) Assumptions 1.6 and 1.7 are used to
guarantee the boundedness of the solution.

I Notations. We define [n] , {1, 2, . . . , n} and x , x[n] , {x1,x2, . . . ,xn}. For any j ≥ i, we
denote x[i,j] , {xi,xi+1, . . . .,xj}. We define λmin(M) and λmax(M) as the smallest and largest
eigenvalue of the given matrix M, respectively. We denote ‖Ai‖ as the spectral norm of the matrix
Ai. We denote Ax ,

∑n
j=1 Ajxj , and ‖x+ − x‖22 =

∑n
i=1 ‖x

+
i − xi‖22. Further notations and

technical preliminaries are provided in Appendix A.

2 MOTIVATING APPLICATIONS

Many machine learning and data science models can be formulated as Problem (1). Below, we
present two examples, with additional applications provided in Appendix B.

I Sparse PCA. Sparse PCA (Chen et al., 2016; Lu & Zhang, 2012) Sparse PCA focuses on i-
dentifying a subset of informative variables with sparse loadings to enhance interpretability and
reduce model complexity. It is formulated as: minV∈Rḋ×ṙ

1
2ṁ‖D−DVVT‖2F + ρ̇‖V‖1, s.t.V ∈

M , {V |VTV = I}, where D ∈ Rṁ×ḋ is the data matrix, and ρ̇ ≥ 0. Introducing an ad-
ditional variable Y, this problem can be formulated as: minV,Y

1
2ṁ‖D −DVVT‖2F + ρ̇‖V‖1 +

ιM(Y), s. t. −Y + V = 0. It corresponds to Problem (1) with x1 = vec(Y), x2 = vec(V),
f1(x1) = 0, h1(x1) = ιM(Y), f2(x2) = 1

2ṁ‖D − DVVT‖2F, h2(x2) = ρ̇‖V‖1, A1 = −I,
A2 = I, b = 0, and Condition BI.

I Structured Sparse Phase Retrieval. Sparse phase retrieval (Duchi & Ruan, 2018) aims to
recover a sparse signal from the magnitudes of linear measurements. By incorporating addition-
al linear constraints, recovery accuracy can be further improved. The problem is formulated as:
minv ‖(Gv)�(Gv)−z‖22 + ρ̇‖v‖1, s. t. Dv ≥ 0, where ρ̇ ≥ 0, G ∈ Rṁ×ḋ, z ∈ Rṁ, D ∈ Rṙ×ḋ,
with D being surjective that DDT � 0. Introducing a new variable y, this problem can be formu-
lated as: minv,y ‖(Gv)� (Gv)− z‖22 + ρ̇‖v‖1 + ι≥0(y), s.t.y −Dv = 0. This corresponds to
Problem (1) with x1 = y, x2 = v, f1(x1) = 0, h1(x1) = ι≥0(y), f2(x2) = 1

2‖(Gv)�(Gv)−b‖22,
h2(x2) = ρ̇‖v‖1, A1 = I, A2 = −D, b = 0, and Condition SU.

3 THE PROPOSED IPDS-ADMM ALGORITHM

This section describes the proposed IPDS-ADMM algorithm for solving Problem (1), featuring with
using a new Increasing Penalization and Decreasing Smoothing (IPDS) strategy.

3.1 INCREASING PENALTY UPDATE STRATEGY

We employ an increasing penalty update strategy that is crucial to our algorithm. A natural choice
for this penalty update rule is to use functions from the `p family. Throughout this paper, we consider
the following penalty update rule {βt}∞t=0 for any given parameters ξ, δ, p ∈ (0, 1):

βt = β0(1 + ξtp), β0 ≥ Ln/(δλ). (2)

Here, Ln and λ are defined in Assumption 1.1 and Assumption 1.3, respectively.

We obtain the following useful lemma regarding the penalty update rule.
Lemma 3.1. (Proof in Appendix C.1) Given ξ, δ, p ∈ (0, 1), assume Formulation (2) is used to
choose {βt}∞t=0. We have: (a) βt ≤ βt+1 ≤ (1 + ξ)βt, (b) Ln ≤ δβtλ.

Remarks (i) The increasing penalty update strategy is closely coupled with the decreasing smooth-
ing strategy and the diminishing stepsize approach in the literature. These strategies are frequently
employed in subgradient methods (Li et al., 2021), smoothing gradient methods (Böhm & Wright,
2021; Sun & Sun, 2023; Lei Yang, 2021), penalty decomposition methods (Lu & Zhang, 2013), and
stochastic optimization algorithms like ADAM (Kingma & Ba, 2015; Chen et al., 2022), but are less
commonly utilized in ADMM frameworks. We examine this approach within ADMM but limit our
discussion to specific form and condition as in Formulation (2). (ii) The condition β0 ≥ Ln/(δλ)
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in Formulation (2) essentially mandates that the initial penalty value be sufficiently large. This
condition can be automatically satisfied since an increasing penalty update is used. (iii) The result
βt+1 ≤ (1 + ξ)βt in Lemma 3.1 implies that the penalty parameter grows, but not excessively fast,
with a constant ξ to prevent rapid escalation.

3.2 DECREASING MEREAU ENVELOPE SMOOTHING APPROACH

IPDS-ADMM is built upon the Moreau envelope smoothing technique (Li et al., 2022; Zeng et al.,
2022; Sun & Sun, 2023; Böhm & Wright, 2021). Initially, we provide the following useful definition.
Definition 3.2. The Moreau envelope of a proper convex and Lipschitz continuous function h(u) :

Rd×1 7→ R with parameter µ ∈ (0,∞) is defined as h(u;µ) , minv∈Rd×1 h(v) + 1
2µ‖v − u‖22.

We offer some useful properties of Moreau envelop functions.
Lemma 3.3. ((Beck, 2017) Chapter 6) Suppose the function h(u) is Ch-Lipschitz continuous and
convex w.r.t. u. We have: (a) The function h(u;µ) is Ch-Lipschitz continuous w.r.t. u. (b) The
function h(u;µ) is (1/µ)-smooth w.r.t. u, and its gradient can be computed as: ∇h(u;µ) =
1
µ (u−Ph(u;µ)), where Ph(u;µ) = arg minv h(v)+ 1

2µ‖v−u‖
2
2. (c) 0 ≤ h(u)−h(u;µ) ≤ 1

2µC
2
h.

Lemma 3.4. (Proof in Appendix C.2) Assuming 0 < µ2 < µ1 and fixing u ∈ Rd×1, we have:
0 ≤ h(u;µ2)−h(u;µ1)

µ1−µ2
≤ 1

2C
2
h.

Lemma 3.5. (Proof in Appendix C.3) Assuming 0 < µ2 < µ1 and fixing u ∈ Rd×1, we have:
‖∇h(u;µ1)−∇h(u;µ2)‖ ≤ (µ1

µ2
− 1) · Ch.

Lemma 3.6. (Proof in Appendix C.4) Given constants {c, µ, ρ}, we consider the convex problem in
problem x̄n = arg minxn hn(xn;µ) + ρ

2‖xn − c‖22. We have: (a) x̄n = µ
1+µρ ( 1

µ x̆n + ρc), where
x̆n = arg minx̆n hn(x̆n) + 1

2 ·
ρ

1+µρ‖x̆n − c‖2F = Proxn(c;µ + 1/ρ). (b) ρ(c − x̄n) ∈ ∂h(x̆n).
(c) ‖xn − x̆n‖ ≤ µCh.
Remark 3.7. (i) We highlight that Lemmas 3.4 and 3.5 are novel contributions of this paper and
are instrumental for analyzing the proposed IPDS-ADMM algorithm. (ii) Lemma 3.6 is crucial for
establishing the iteration complexity of Algorithm 1 to a critical point. The results of Lemma 3.6 are
analogous to those of Lemma 1 in (Li et al., 2022).

3.3 THE PROPOSED IPDS-ADMM ALGORITHM

This subsection provides the proposed IPDS-ADMM algorithm. Initially, we consider the following
alternative optimization problem:

minx1,x2,...,xn hn(xi;µ) + [
∑n−1
i=1 hi(xi)] + [

∑n
i=1 fi(xi)], s.t. [

∑n
i=1 Aixi] = b, (3)

where µ→ 0, and hn(xn;µ) , minv∈Rdn×1 h(v)+ 1
2µ‖v−xn‖

2
2 is the Moreau envelope of hn(xn)

with parameter µ. Lemma 3.3 confirms that hn(xn, µ) is a (1/µ)-smooth function assuming hn(·)
is convex. We present the augmented Lagrangian function for Problem (3), as follows:

L(x, z;β, µ) , hn(xn;µ) + {
∑n−1
i=1 hi(xi)}+G(x, z;β), (4)

where G(x, z;β) is differentiable and defined as:

G(x, z;β) ,
∑n
i=1 fi(xi) + 〈[

∑n
i=1 Aixi]− b, z〉+ β

2 ‖[
∑n
i=1 Aixi]− b‖22.

Here, µ ∈ (0,∞), β ∈ (0,∞), and z ∈ Rm×1 are the smoothing parameter, the penalty parameter,
and the dual variable, respectively. We employ an increasing penalty and decreasing smoothing
update scheme throughout all iterations t = {0, 1, . . . ,∞} with βt → +∞ and µt ∝ 1

βt → 0.
Notably, the function G(xt, zt;βt) is Lti-smooth w.r.t. xi for all i ∈ [m], where Lti = Li+βt‖Ai‖22.
For notation simplicity, for all i ∈ [n], we denote g̈ti , ∇xiG(xt+1

[1,i−1],x
t
i,x

t
[i+1,n], z

t;βt) as the
gradient of G(x, zt;βt) w.r.t. xi at the point xti.

In each iteration, we select suitable parameters {βt, µt} and sequentially update the variables
(x1,x2, . . . ,xn, z). We employ the proximal linearized method to cyclically update the vari-
ables {x1,x2, . . . ,xn}. Specifically, we update each variable xi by solving the following sub-
problem for all i ∈ [n]: xt+1

i ≈ arg minxi∈Rdi×1 L(xt[1,i−1],xi,x
t
[i+1,n], z

t;βt, µt). To address
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the xi-subproblem, we employ a proximal linearized minimization strategy for all i ∈ [n − 1]:
xt+1
i ∈ arg minxi hi(xi) +

θ1L
t
i

2 ‖xi − xti‖22 + 〈xi − xti, g̈
t
i , z

t;βt)〉. However, for the final
block of the problem, we consider a subtly different proximal linearized minimization strategy:
xt+1
n = arg minxn hn(xn;µt) +

θ2L
t
n

2 ‖xn − xtn‖22 + 〈xn − xtn, g̈
t
n〉. Importantly, we assign θ1

to blocks [1, n − 1] and θ2 to block n. Our algorithm updates the dual variable zt using either an
under-relaxation stepsize σ ∈ (0, 1) or an over-relaxation stepsize σ ∈ [1, 2).

Algorithm 1: IPDS-ADMM: The Proposed Proximal Linearized ADMM for Problem (1).
Choose suitable parameters {p, ξ, δ} and {σ, θ1, θ2} using Formula (5) or Formula (6).
Initialize {x0, z0}. Choose β0 ≥ Ln/(δλ).
for t from 0 to T do

S1) IPDS Strategy: Set βt = β0(1 + ξtp), µt = 1/(λδβt).
We define g̈ti , ∇xiG(xt+1

[1,i−1],x
t
i,x

t
[i+1,n], z

t;βt).

S2) xt+1
1 ∈ arg minx1

h1(x1) + 〈x1 − xt1, g̈
t
1〉+

θ1L
t
1

2 ‖x1 − xt1‖22
S3) xt+1

2 ∈ arg minx2
h2(x2) + 〈x2 − xt2, g̈

t
2〉+

θ1L
t
2

2 ‖x2 − xt2‖22
. . .

S4) xt+1
n−1 ∈ arg minxn−1

hn−1(xn−1) + 〈xn−1 − xtn−1, g̈
t
n−1〉+

θ1L
t
n−1

2 ‖xn−1 − xtn−1‖22
S5) xt+1

n ∈ arg minxn hn(xn;µ) + 〈xn − xtn, g̈
t
n〉+

θ2L
t
n

2 ‖xn − xtn‖22. It can be solved using
Lemma 3.6 as xt+1

n = 1
1+µρ (x̆t+1

n + µρc), where x̆t+1
n = Proxn(c;µ+ 1/ρ), µ = µt,

ρ , θ2L
t
n, and c , xtn − g̈tn/ρ.

S6) zt+1 = zt + σβt([
∑n
j=1 Ajx

t+1
j ]− b)

end

We present IPDS-ADMM in Algorithm 1, and have the following remarks.

Remark 3.8. (i) Algorithm 1 can be viewed as a generalized cyclic coordinate descent method
applied to the augmented Lagrangian function in Equation (4). (ii) The Moreau envelope smooth-
ing technique has been used in the design of augmented Lagrangian methods (Zeng et al., 2022)
and ADMMs (Li et al., 2022), and minimax optimization (Zhang et al., 2020). However, these
algorithms typically utilize constant penalties, whereas we adopt an Increasing Penalization and
Decreasing Smoothing (IPDS) strategy to improve the iteration complexity of RADMM (Li et al.,
2022), reducing it from O(1/ε4) to O(1/ε3). (iii) Algorithm 1 is a fully splitting algorithm, where
each step reduces to computing a proximal operator. For the first (n − 1) blocks, we have:
xt+1
i ∈ Proxi(x

t
i − g̈ti/ρ̇; 1/ρ̇), where ρ̇ = θ1L

t
i. For the last block, Lemma 3.6 can be applied

to compute the proximal operator of the smoothed function hn(xn;µ) using the proximal operator
of the original function hn(xn). (iv) The point x̆t+1

n in Step S5) of Algorihtm 1 plays a crucial role.
As will be seen later in Theorem 4.18, the point (xt1,x

t
2, . . . ,x

t
n−1, x̆

t
n, z

t), rather than the point
(xt1,x

t
2, . . . ,x

t
n−1,x

t
n, z

t), will serve as an approximate critical point of Problem (1) in our com-
plexity results. (v) RADMM (Li et al., 2022) uses a fixed large penalty parameterO(1/ε) and a fixed
small smoothing parameter O(ε) to achieve an ε-approximate critical point. However, this leads to
overly conservative step sizes for the primal and dual updates, potentially hindering the algorithm’s
practical performance. (vi) We apply the smoothing strategy only to the last block to bound the dual
variables via the primal ones. This leverages the Lipschitz continuity of the smoothed function to
estimate 1

βt ‖z
t+1 − zt‖22 and construct a suitable potential function. (vii) Some may worry that

using an increasing penalty could cause the parameter to become unbounded. However, by setting
ξ � 1, we ensure βt ≤ βt+1 ≤ (1 + ξ)βt, meaning the penalty grows very slowly in practice.

3.4 CHOOSING SUITABLE PARAMETERS {p, ξ, δ} AND {σ, θ1, θ2}

Selecting appropriate parameters {p, ξ, δ} and {σ, θ1, θ2} is essential to ensuring the global con-
vergence of Algorithm 1. In our theoretical analysis and empirical experiments, we suggest the
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following choices for {p, ξ, δ} and {σ, θ1, θ2}:

BI : p = 1
3 , ξ ∈ (0,∞), δ ∈ (0, 1

3 ( 2
κ − 1)), σ ∈ [1, 2), θ1 = 1.01, θ2 = 1/κ−δ

1+δ + 1
2χ0(1+δ)2 . (5)

SU : p = 1
3 , ξ = δ = σ = 0.01

κ , θ1 = 1.01, θ2 = 1.5. (6)

Here, χ0 , 6ωσ1κ, and ω , 1 + ξ
2σ + σξ. Notably, the parameter θ2 in (5) depends on (ξ, δ, σ).

Remark 3.9. (i) From (5), we find that 1/κ−δ
1+δ ≥ {1/κ −

2
3κ + 1

3}/{1 + 2
3κ −

1
3} = 1/2, leading

to θ2 > 1/2. (ii) From (6), we obverse that the parameters {ξ, δ, σ} is inversely proportional to
the condition number κ. Such settings are partly consistent with those in (Boţ et al., 2019) (refer
to Lemma 5 in (Boţ et al., 2019)). (iii) Introducing the relaxation parameter σ ∈ (0, 2) enables
handling cases where the matrix is surjective. Specifically, when the matrix is bijective, we can use
an over-relaxation step size for faster convergence, whereas for surjective matrices, the algorithm
requires conservative step sizes to ensure global convergence.

4 GLOBAL CONVERGENCE

This section establishes the global convergence of Algorithm 1.

We begin with a high-level overview of the proof strategy. First, using the Lagrangian function, we
derive sufficient decrease conditions for the four parameter sets: primal variables, dual variables, the
penalty parameter, and the smoothing parameter. Next, using the first-order optimality conditions
and dual update rules, we bound the difference in dual variables using primal by the difference in
primal variables. Lastly, we show that the tail error term related to the smoothing parameter is
constant, establishing the summability of the sequence linked to a potential function.

We provide the following three useful lemmas.

Lemma 4.1. (Proof in Appendix D.1, A Sufficient Decrease Property) Fix ε3 , ξ and ε1 , 1
2θ1− 1

2 .
Let ε2 ∈ R. For all t ≥ 1, we have:

Et+1 + Θt+1
L −Θt

L ≤ ( 1
2 − θ2 + ε2) · Ltn‖xt+1

n − xtn‖22 + ω
σβt ‖z

t+1 − zt‖22, (7)

where Et+1 , [ε1

∑n−1
i=1 Lti‖x

t+1
i − xti‖22] + ε2L

t
n‖xt+1

n − xtn‖22 + ε3
βt ‖z

t+1 − zt‖22.

Furthermore, Θt
L , L(xt, zt;βt, µt) + 1

2Chµ
t, Lti = Li + βt‖Ai‖22, and ω , 1 + ξ

2σ + σξ.
Lemma 4.2. (Proof in Appendix D.2, First-Order Optimality Condition) Assume σ ∈ (0, 2). For all
t ≥ 1 and i ∈ [n− 1], we have the following results.

(a) Letwt+1
i ∈ ∂hi(xt+1

i )+∇fi(xti), andut+1
i , θ1L

t
i(x

t+1
i −xti)−βtAT

i [
∑n
j=iAj(x

t+1
j −xtj)].

It holds that: 0 = σAT
i z

t + AT
i (zt+1 − zt) + σwt+1

i + σut+1
i .

(b) Let wt+1
n , ∇hn(xt+1

n , µt) +∇fn(xtn), and ut+1
n , Qt(xt+1

n − xtn), where Qt , θ2L
t
nI−

βtAT
nAn. It holds that: 0 = σAT

nz
t + AT

n(zt+1 − zt) + σwt+1
n + σut+1

n .
(c) We have the following two different identities:

BI :

{
a
t+1 = (1− σ)at + σct,

where at+1 , AT
n(zt+1 − zt), and ct , u

t
n − ut+1

n +w
t
n −wt+1

n .
(8)

SU :

{
a
t+1 = (1− σ)at + σct,

where at+1 , AT
n(zt+1 − zt) + σut+1

n , and ct , σutn +w
t
n −wt+1

n .
(9)

Lemma 4.3. (Proof in Appendix D.3) For all t ≥ 0, we have: (a) Ltn ≤ βtλ(1 + δ); (b) ‖Qt‖ ≤
βtλq, where q , θ2(1 + δ)− λ′/λ; (c) ‖ut+1

n ‖ ≤ qλβt‖xt+1
n − xtn‖.

We provide convergence analysis of Algorithm 1 under two conditions: Condition BI using Formu-
lation (8), and Condition SU using Formulation (9).

We first define the following parameters for different Conditions BI and SU:

BI :
{
Ka , ωσ2

λ ,Ku , 3ωσ1

λ ,Θt
a , Ka

βt ‖a
t‖22,Θt

u = Ku
βt (Ln‖xtn − xt−1

n ‖+ ‖utn‖)2. (10)

SU :
{
Ka , 2ωσ2

λ ,Ku , 6ωσ1

λ ,Θt
a , Ka

βt ‖a
t‖22,Θt

u = Ku
βt (Ln‖xtn − xt−1

n ‖+ σ‖utn‖)2. (11)
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Here, σ ∈ (0, 2), and {σ1, σ2} are defined as: σ1 , σ
(1−|1−σ|)2 , σ2 , |1−σ|

σ(1−|1−σ|) . Using the
parameters {Ka,Ku}, we construct a sequence associated with the potential (or Lyapunov) function
as follows: Θt = Θt

L + Θt
a + Θt

u.

4.1 ANALYSIS FOR CONDITION BI

We provide a convergence analysis of Algorithm 1 under Condition BI, where An is a bijective
matrix. We assume an over-relaxation stepsize is used with σ ∈ [1, 2).

The subsequent lemma uses Equation (8) to establish an upper bound for the term ω
σβt ‖z

t+1−zt‖22.

Lemma 4.4. (Proof in Appendix D.4, Bounding Dual Using Primal) We define ω as in Lemma 4.1.
For all t ≥ 1, we have:

ω
σβt ‖z

t+1 − zt‖22 ≤ Θt
au −Θt+1

au + χ1L
t
n‖xt+1

n − xtn‖22 + Γtµ, (12)

where χ1 , χ0(δ + θ2 + θ2δ − 1/κ)2, χ0 , 6ωσ1κ, Θt
au , Θt

a + Θt
u, and {Ka,Ku} are defined

in Equation (10), and Γtµ , C2
h
Ku
βt · (

µt−1

µt − 1)2.

Assume Equation (5) is used to choose {p, ξ, δ, σ, θ1, θ2}. We have the following two lemmas.

Lemma 4.5. (Proof in Appendix D.5) We have: ε1 , 1
2θ1− 1

2 > 0, and ε2 , θ2− 1
2−χ1 ≥ 1

8χ0
> 0.

Here, {χ1, χ0} are defined in Lemma 4.4.
Lemma 4.6. (Proof in Appendix D.6, Decrease on a Potential Function) For all t ≥ 1, we have
Et+1 ≤ Θt −Θt+1 + Γtµ.

4.2 ANALYSIS FOR CONDITION SU

We provide a convergence analysis of Algorithm 1 under Condition SU, where An is a surjective
matrix. We assume an under-relaxation stepsize is used with σ ∈ (0, 1).

The following lemma utilizes Equation (9) to establish an upper bound for the term ω
σβt ‖z

t+1−zt‖22.

Lemma 4.7. (Proof in Appendix D.7, Bounding Dual Using Primal) We define ω as in Lemma 4.1.
For all t ≥ 1, we have:

ω
σβt ‖z

t+1 − zt‖22 ≤ Θt
au −Θt+1

au + χ2 · Ltn‖xt+1
n − xtn‖22 + Γtµ, (13)

where χ2 , 2ωκ
σ · {σ

2q2 + 3δ2 + 3(δ + σq)2}, q , θ2 + θ2δ, Θt
au , Θt

a + Θt
u, and {Ka,Ku} are

defined in Equation (11), and Γtµ , C2
h
Ku
βt · (

µt−1

µt − 1)2.

Assume Equation (6) is used to choose {p, ξ, δ, σ, θ1, θ2}. We have the following two lemmas.

Lemma 4.8. (Proof in Appendix D.8) We have: ε1 , 1
2θ1− 1

2 > 0, and ε2 , θ2− 1
2 −χ2 ≥ 0.02 >

0.
Lemma 4.9. (Proof in Appendix D.9, Decrease on a Potential Function). For all t ≥ 1, we have:
Et+1 ≤ Θt −Θt+1 + Γtµ.

4.3 CONTINUING ANALYSIS FOR CONDITIONS BI AND SU

The following lemma demonstrates that Θt is consistently lower bounded.
Lemma 4.10. (Proof in Appendix D.10) For all t ≥ 1, there exists a constant Θ suc that Θt ≥ Θ.

The following lemma shows that
∑∞
t=1 Γtµ is always upper bounded.

Lemma 4.11. (Proof in Appendix D.11) We define Γtµ as in Lemma 4.4 amd Lemma 4.7. There
exists a universal positive constant Cµ such that

∑∞
t=1 Γtµ ≤ Cµ.

We present the following theorem concerning a summable property of the sequence {Et+1}∞t=1.

Theorem 4.12. (Proof in Appendix D.12) Letting Ke , Θ1−Θ +Cµ, we have:
∑∞
t=1 Et+1 ≤ Ke.
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The following lemmas are useful to provide upper bounds for the dual and primal variables.

Lemma 4.13. (Proof in Appendix D.13) There exist constants {Kz, K̈z} such that ∀t ≥
1, 1

βt ‖z
t‖22 ≤ Kz , and

∑∞
t=1

1
βt ‖z

t+1 − zt‖22 ≤ K̈z .

Lemma 4.14. (Proof in Appendix D.14) We have ‖xt+1
i ‖ < +∞ for all i ∈ [n].

Finally, we have the following theorem regrading to the global convergence of IPDS-ADMM.

Theorem 4.15. (Proof in Appendix D.15) We define Kc , Ke/min{ε3,min(ε1, ε2)A}, where A ,
minni=1 ‖Ai‖22. We have the following results: (a)

∑T
t=1 ‖zt+1−zt‖22 +‖βt(xt+1−xt)‖22 ≤ Kcβ

T .
(b) There exists an index t̄ with t̄ ≤ T such that ‖zt̄+1 − zt̄‖22 + ‖β t̄(xt̄+1 − xt̄)‖22 ≤

Kcβ
T

T .

Remark 4.16. (i) With the choice βT = O(T p) with p ∈ (0, 1), we observe ët̄ , ‖zt̄+1 − zt̄‖22 +
‖β t̄(xt̄+1 − xt̄)‖22 = O(T p−1), indicating convergence of ët̄ towards 0. (ii) In light of Theorem
4.15, a reasonable stopping criterion for Algorithm 1 is ‖zt̄+1− zt̄‖+ ‖β t̄(xt̄+1−xt̄)‖ ≤ ε, where
ε ≥ 0 is a user-defined parameter.

4.4 ITERATION COMPLEXITY

We now establish the iteration complexity of Algorithm 1. We first restate the following standard
definition of approximated critical points.

Definition 4.17. (ε-Critical Point) A solution (x̌, ž) is an ε-critical point if it holds that: Crit(x̌, ž) ≤
ε2, where Crit(x̌, ž) , ‖Ax̌−b‖22+

∑n
i=1 dist2(0,∇fi(x̌i)+∂hi(x̌i)+AT

i ž), and dist2(Ω,Ω′) ,
infw∈Ω,w′∈Ω′ ‖w −w′‖22 is the squared distance between two sets.

We obtain the following iteration complexity results.

Theorem 4.18. (Proof in Appendix D.16) We define qt , {xt1,xt2, . . . ,xtn−1, x̆
t
n}. Let the sequence

{qt, zt}Tt=0 be generated by Algorithm 1. If p ∈ (0, 1
2 ), we have: 1

T

∑T
t=1 Crit(qt+1, zt+1) ≤

O(T p−1) + O(T−1) + O(T−2p). In particular, with the choice p = 1/3, we have
1
T

∑T
t=1 Crit(qt+1, zt+1) ≤ O(T−2/3). In other words, there exists t̄ ≤ T such that:

Crit(qt̄+1, zt̄+1) ≤ ε2, provided that T ≥ O(1/ε3).

Remark 4.19. To the best of our knowledge, this represents the first complexity result for using
ADMM to solve this class of nonsmooth and nonconvex problems. Remarkably, we observe that it
aligns with the iteration bound found in smoothing proximal gradient methods (Böhm & Wright,
2021).

4.5 ON THE BOUNDEDNESS AND CONVERGENCE OF THE MULTIPLIERS

Questions may arise regarding whether the multipliers zt in Algorithm 1 are bounded, given that
‖zt‖22 ≤ Kzβ

t, as stated in Lemma 4.13. We argue that the bounedness of the multipliers is not
an issue. We propose the following variable substitution: zt√

βt
, ẑt for all t. Consequently, we

can implement the following update rule to replace the dual variable update rule of Algorithm 1:

ẑt+1 = ẑt
√
βt√
βt+1

+ βt√
βt+1

· σ(Axt+1 − b). Additionally, zt should be replaced with
√
βt · ẑt in

the remaining steps of Algorithm 1. Importantly, such a substitution does not essentially alter the
algorithm or our analysis throughout this paper.

We have the following results for the new multipliers ẑt:

Lemma 4.20. (Proof in Appendix D.17) We have: (a) ∀t ≥ 0, ‖ẑt‖22 ≤ Kz; (b)
∑∞
t=1 ‖ẑt+1 −

ẑt‖22 ≤ 2K̈z +Kz . Here, {K̈z,Kz} are bounded constants defined in Lemma 4.13.

Remark 4.21. Thanks to the variable substitution, the new multiplier ‖ẑt‖ is bounded and conver-
gent with

(
minTt=1 ‖ẑt+1 − ẑt‖22

)
≤ 1

T

∑T
t=1 ‖ẑt+1 − ẑt‖22 ≤ O(1/T ).
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Figure 1: The convergence curve of the compared methods for solving sparse PCA with ρ̇ = 10.

5 EXPERIMENTS

This section assesses the performance of IPDS-ADMM in solving the sparse PCA problem, as
shown in Section 2.

I Compared Methods. We compare IPDS-ADMM against three state-of-the-art general-purpose
algorithms that solve Problem (1) (i) the Subgradient method (SubGrad) (Li et al., 2021; Davis
& Drusvyatskiy, 2019), (ii) the Smoothing Proximal Gradient Method (SPGM) (Böhm & Wright,
2021), (iii) the Riemannian ADMM with fixed and large penalty (RADMM) (Li et al., 2022).

I Experimental Settings. All methods are implemented in MATLAB on an Intel 2.6 GHz CPU
with 64 GB RAM. We incorporate a set of 8 datasets into our experiments, comprising both ran-
domly generated and publicly available real-world data. Appendix Section E describes how to
generate the data used in the experiments. For for IPDS-ADMM, we set (β0, p, ξ, δ, σ, θ) =
(50ρ̇, 1/3, 0.9, 1/4, 1.5, 1.01) . The penalty parameter for RADMM is set to a reasonably large
constant β = 100ρ̇. We fix ṙ = 20 and compare objective values for all methods after running T ′
seconds, where T ′ is reasonably large to ensure the proposed method converges. We provide our
code in the supplemental material.

I Experiment Results. The experimental results depicted in Figure 1 offer the following insights:
(i) Sub-Grad tends to be less efficient in comparison to other methods. (ii) SPGM, utilizing a variable
smoothing strategy, generally demonstrates slower performance than the multiplier-based variable
splitting method. This observation corroborates the widely accepted notion that primal-dual methods
are typically more robust and quicker than primal-only methods. (iii) The proposed IPDS-ADMM
generally attains the lowest objective function values among all methods examined.

6 CONCLUSIONS

In this paper, we introduce IPDS-ADMM, a proximal linearized ADMM that uses an Increasing
Penalization and Decreasing Smoothing (IPDS) strategy for solving general multi-block noncon-
vex composite optimization problems. IPDS-ADMM operates under a relatively relaxed condition,
requiring continuity in just one block of the objective function. It incorporates relaxed strategies
for dual variable updates when the associated linear operator is either bijective or surjective. We
increase the penalty parameter and decrease the smoothing parameter at a controlled pace, and in-
troduce a Lyapunov function for convergence analysis. We also derive the iteration complexity of
IPDS-ADMM. Finally, we conduct experiments to demonstrate the effectiveness of our approaches.
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Appendix
The organization of the appendix is as follows:

Appendix A covers notations, technical preliminaries, and relevant lemmas.

Appendix B provides additional motivating applications.

Appendix C contains proofs related to Section 3.

Appendix D offers proofs related to Section 4.

Appendix E includes additional experiments details and results.

A NOTATIONS, TECHNICAL PRELIMINARIES, AND RELEVANT LEMMAS

A.1 NOTATIONS

We use the following notations in this paper.

• [n]: {1, 2, ..., n}.
• x: x , {x1,x2, . . . ,xn} = x[n].

• x[i,j]: x[i,j] , {xi,xi+1,xi+2, . . . .,xj}, where j ≥ i.
• Lti: L

t
i = Li + βt‖Ai‖22. Note that the function G(x, zt;βt) is Lti-smooth w.r.t. x.

• σ1: σ1 , σ
(1−|1−σ|)2 ∈ R, where σ ∈ (0, 2). Refer to Lemma A.2.

• σ2: σ2 , |1−σ|
σ(1−|1−σ|) ∈ R, where σ ∈ (0, 2). Refer to Lemma A.2.

• ‖x‖: Euclidean norm: ‖x‖ = ‖x‖2 =
√
〈x,x〉.

• 〈a,b〉 : Euclidean inner product, i.e., 〈a,b〉 =
∑
i aibi.

• AT : the transpose of the matrix A.
• xi: the i-th block of the vector x ∈ R(d1+d2+...+dn)×1 with xi ∈ Rdi×1.
• λ: the largest eigenvalue of the matrix AnA

T
n.

• λ: the smallest eigenvalue of the matrix AnA
T
n.

• λ′: the smallest eigenvalue of the matrix AT
nAn.

• ‖A‖: the spectral norm of the matrix A.
• Ir : Ir ∈ Rr×r, Identity matrix; the subscript is omitted sometimes.
• ιΩ(x) : Indicator function of a set Ω with ιΩ(x) = 0 if x ∈ Ω and otherwise +∞.

• vec(V) : Vector formed by stacking the column vectors of V with vec(V) ∈ Rd′×r′ .
• mat(x) : Convert x ∈ R(d′·r′)×1 into a matrix with mat(vec(V)) = V with mat(x) ∈ Rd′×r′ .
• dist2(Ω,Ω′) : squared distance between two sets with dist2(Ω,Ω′) , infw∈Ω,w′∈Ω′ ‖w−w′‖22.

A.2 TECHNICAL PRELIMINARIES

We present some tools in non-smooth analysis including Fréchet subdifferential, limiting (Fréchet)
subdifferential, and directional derivative (Mordukhovich, 2006; Rockafellar & Wets., 2009; Bert-
sekas, 2015). For any extended real-valued (not necessarily convex) function F : Rn →
(−∞,+∞], its domain is defined by dom(F ) , {x ∈ Rn : |F (x)| < +∞}. The Fréchet
subdifferential of F at x ∈ dom(F ), denoted as ∂̂F (x), is defined as ∂̂F (x) , {v ∈ Rn :

limz→x infz6=x
F (z)−F (x)−〈v,z−x〉

‖z−x‖ ≥ 0}. The limiting subdifferential of F (x) at x ∈ dom(F )

is defined as: ∂F (x) , {v ∈ Rn : ∃xk → x, F (xk) → F (x),vk ∈ ∂̂F (xk) → v,∀k}. Note that
∂̂F (x) ⊆ ∂F (x). If F (·) is differentiable at x, then ∂̂F (x) = ∂F (x) = {∇F (x)} with ∇F (x)

being the gradient of F (·) at x. When F (·) is convex, ∂̂F (x) and ∂F (x) reduce to the classical sub-
differential for convex functions, i.e., ∂̂F (x) = ∂F (x) = {v ∈ Rn : F (z)− F (x)− 〈v, z− x〉 ≥
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0,∀z ∈ Rn}. The directional derivative of F (·) at x in the direction v is defined (if it exists) by
F ′(x;v) , limt→0+

1
t (F (x + tv)− F (x)).

A.3 RELEVANT LEMMAS

We present several useful lemmas, each independent of context and specific methodology.
Lemma A.1. (Pythagoras Relation) For any vectors a ∈ Rn, b ∈ Rn, c ∈ Rn, we have:

1
2‖a− b‖22 − 1

2‖c− b‖22 = 1
2‖a− c‖22 + 〈b− c, c− a〉.

1
2‖b‖

2
2 − 1

2‖c− b‖22 = 1
2‖c‖

2
2 + 〈b− c, c〉.

Lemma A.2. Assume σ ∈ (0, 2). Let b+ = σa+ (1−σ)b, where b+ ∈ Rn, b ∈ Rn, and a ∈ Rn.
We have:

1
σ‖b

+‖22 ≤ σ1‖a‖22 + σ2(‖b‖22 − ‖b+‖22),

where σ1 , σ
(1−|1−σ|)2 , and σ2 , |1−σ|

σ(1−|1−σ|) .

Proof. (a) When σ = 1, we have σ1 = 1, σ2 = 0, and b+ = a. The conclusion of this lemma
clearly holds.

(b) We now focus on the case when σ 6= 1. Noticing |1 − σ| 6= 0 and 1 − |1 − σ| 6= 0, we rewrite
b+ = (1− σ)b + σa into the following equivalent equality

b+ = (1− |1− σ|) · σa
1−|1−σ| + |1− σ| · (1−σ)b

|1−σ| .

Using the fact that the function ‖ · ‖22 is convex and |1−σ| ∈ (0, 1), we derive the following results:

‖b+‖22 ≤ (1− |1− σ|) · ‖ σa
1−|1−σ|‖

2
2 + |1− σ| · ‖ (1−σ)b

|1−σ| ‖
2
2

≤ σ2

1−|1−σ| · ‖a‖
2
2 + |1− σ| · ‖b‖22.

Subtracting (|1− σ| · ‖b+‖22) from both sides of the above inequality, we have:

(1− |1− σ|)‖b+‖22 ≤ σ2

1−|1−σ| · ‖a‖
2
2 + |1− σ|(‖b‖22 − ‖b+‖22).

Dividing both sides by σ(1− |1− σ|), we have:

1
σ‖b

+‖22 ≤ σ
(1−|1−σ|)2 ‖a‖

2
2 + |1−σ|

σ(1−|1−σ|) (‖b‖22 − ‖b+‖22).

Using the definition of σ1 and σ2, we finish the proof of this lemma.

Lemma A.3. We let t ≥ 1, and q ∈ (0, 1). We have: 1
q (t+ 1)q − 1

q ≥
1
2 t
q .

Proof. We let h(t) , (t+ 1)q − 1− q
2 t
q .

Initially, we prove that f(q) , 2q − q
2 − 1 ≥ 0 for all q ≥ 0. Given ∇f(q) = 2q log(2) − 1

2 ≥
20 log(2)− 1

2 = 0.1931 > 0, the function f(q) is increasing for all q ≥ 0. Combining with the fact
that f(0) = 0, we have: f(q) ≥ 0 for all q ≥ 0.

We derive the following inequalities:

∇h(t) = qtq−1 · {( t+1
t )q−1 − q

2}
¬
≥ qtp−1 · {2q−1 − q

2}
­
≥ qtq−1 · { q/2+1

2 − q
2}

®
≥ 0,

where step ¬ uses t+1
t ≤ 2 and q − 1 ≤ 0; step ­ uses 2q ≥ q

2 + 1 for all q ≥ 0; step ® uses
1− q ≥ 0. Therefore, h(t) is an increasing function.

Finally, noticing that h(1) = 2q − 1− q
2 ≥ 0, we conclude that h(t) ≥ 0 for all t ≥ 1.
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Lemma A.4. We let p ∈ (0, 1) and t ≥ 1. We have: (t+ 1)p − tp ≤ ptp−1.

Proof. We notice that h(t) , tp is concave for all t ≥ 1 and p ∈ (0, 1) since ∇h(t) = ptp−1 and
∇2h(t) = p(p − 1)tp−2 < 0. It follows that: ∀x, y ≥ 1, h(y) − h(x) ≤ 〈y − x,∇h(x)〉. Letting
x = t and y = t+ 1, for all t ≥ 1 and p ∈ (0, 1), we have: (t+ 1)p − tp ≤ ptp−1.

Lemma A.5. We let p ∈ (0, 1). We have:
∑∞
t=1( (t+1)p−tp

tp )2 ≤ 2.

Proof. We have: ∑∞
t=1( (t+1)p−tp

tp )2
¬
≤
∑∞
t=1

1
t2p t

2p−2 =
∑∞
t=1 t

−2
­
≤ 2,

where step ¬ uses Lemma A.4 and p ≤ 1; step ­ uses
∑∞
t=1

1
t2 ≤

∑∞
t=1

1
t2 = π2

6 < 2.

Lemma A.6. We let p ∈ (0, 1). We have: 1
2T

1−p ≤
∑T
t=1 t

−p ≤ T (1−p)

1−p .

Proof. We define h(x) = x−p and g(x) = 1
1−px

1−p. Clearly, we have: ∇g(x) = h(x).

By employing the integral test for convergence 1, we obtain:∫ T+1

1
h(x)dx ≤

∑T
t=1 h(t) ≤ h(1) +

∫ T
1
h(x)dx. (14)

(a) We have:
∑T
t=1 t

−p ¬
≥
∫ T+1

1
x−pdx

­
= g(T + 1) − g(1) = 1

1−p (T + 1)1−p − 1
1−p

®
≥ 1

2T
1−p,

where step ¬ uses the first inequality in (14); step ­ uses ∇g(x) = h(x) = x−p; step ® uses
Lemma A.3 with q = 1− p and t = T .

(b) We have:
∑T
t=1 t

−p ¬
≤ h(1) +

∫ T
1
x−pdx

­
= 1 + g(T ) − g(1) = 1 + 1

1−p (T )1−p − 1
1−p =

T (1−p)−p
1−p < T (1−p)

1−p , where step ¬ uses the second inequality in (14); step ­ uses h(1) = 1, and
∇g(x) = h(x) = x−p.

Lemma A.7. Let σ ∈ (0, 2), and et+1 − |1 − σ|et ≤ σΨt for all t ≥ 1. We have: et ≤ e1 +
σ3 maxt−1

i=1 Ψi, where σ3 = σ
1−|1−σ| ∈ [1,∞).

Proof. Given σ ∈ (0, 2), we define σ? , |1− σ| ∈ [0, 1).

We derive the following results:
t = 1, e2 ≤ σ?e

1 + σΨ1

t = 2, e3 ≤ σ?e
2 + σΨ2 ≤ σ2

?e
1 + σ?σΨ1 + σΨ2

t = 3, e4 ≤ σ?e
3 + σΨ3 ≤ σ3

?e
1 + σ2

?σΨ1 + σ?σΨ2 + σΨ3

. . .

t = T, eT+1 ≤ σ?e
T + σΨT ≤ σT? e1 + σ

∑T
i=1 σ

T−i
? Ψi.

Therefore, we have:

eT+1 ≤ σT? e
1 + σ

∑T
i=1 σ

T−i
? Ψi

¬
≤ e1 + σ{maxTi=1 Ψi}{

∑T
i=1 σ

T−i
? }

­
≤ e1 + σ{maxTi=1 Ψi} 1

1−σ? ,

where step ¬ uses σT? ≤ 1; step ­ uses the fact that:∑T
i=1 σ

T−i
? = σT−1

? + . . .+ σ1
? + σ0

? =
1−σT?
1−σ? ≤

1
1−σ? .

1https://en.wikipedia.org/wiki/Integral_test_for_convergence
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B ADDITIONAL MOTIVATING APPLICATIONS

I Robust Sparse Regression. Robust sparse regression (Liu et al., 2019) utilizes the `1-norm of
the residuals to ensure robustness against outliers while enforcing sparsity via `0-norm constraints to
identify key variables. The problem is formulated as: minv ‖Gv− z‖1, s. t. v ∈ Ω , {v | ‖v‖0 ≤
ṡ}, where ṡ ≥ 0 is an integer, G ∈ Rṁ×ḋ, and z ∈ Rṁ. By introducing a new variable y, this
problem can be formulated as: minv,y ιΩ(v) + ‖y‖1, s.t. − Gv + y = −z. It corresponds to
Problem (1) with x1 = v, x2 = y, f1(x1) = f2(x2) = 0, h1(x1) = ιΩ(v), h2(x2) = ‖y‖1, and
A1 = −G, A2 = I, b = −z, and Condition BI.

I Dual Principal Component Pursuit. Dual principal component pursuit (Tsakiris & Vidal,
2018) is used primarily in subspace clustering and outlier detection, aiming to robustly represen-
t data structures across different subspaces in the presence of noise and outliers. The problem
is formulated as: minV ‖GV‖2,1, s. t. V ∈ Ω , {V |VTV = I}, where G ∈ Rṁ×ḋ, and
‖Y‖2,1 ,

∑
i ‖Y(i, :)‖. By introducing a new variable Y, this problem can be formulated as:

minV,Y ιΩ(V) + ‖Y‖2,1, s. t. −GV + Y = 0. It corresponds to Problem (1) with x1 = vec(V),
x2 = vec(Y), f1(x1) = f2(x1) = 0, h1(x1) = ιΩ(V), h2(x2) = ‖Y‖2,1, and A1 = −G,
A2 = I, b = 0, and Condition BI.

I Robust Low-Rank Approximation . Robust low-rank approximation (Candès et al., 2011) us-
es the `1-norm of the residuals to ensure robustness against outliers while imposing a low-rank
constraint on the solution matrix The problem is formulated as: minV ‖G(V) − z‖1, s. t. V ,
{V | rank(V) ≤ ṡ}, where ṡ ≥ 0 is an integer, G(·) : Rḋ×ṙ 7→ Rṁ, and z ∈ Rṁ. By introducing a
new variable y, this problem can be formulated as: minV,y ιΩ(V)+‖y‖1, s.t. −G(V)+y = −z.
It corresponds to Problem (1) with x1 = vec(V), x2 = y, f1(x1) = f2(x1) = 0, h1(x1) = ιΩ(V),
h2(x2) = ‖y‖1, A1x1 = −G(V), A2 = I, b = −z, and Condition BI.

C PROOFS FOR SECTION 3

C.1 PROOF OF LEMMA 3.1

Proof. Consider the update rule βt = β0 + β0ξtp, where p ∈ (0, 1).

(a) We have:

βt+1 − βt − ξβt ¬
= β0ξ((t+ 1)p − tp)− ξβ0

­
≤ β0ξ − β0ξ = 0,

where step ¬ uses the update rule βt = β0 + β0ξtp; step ­ uses the fact that the function h(t) ,
(t+ 1)p − tp is monotonically decreasing w.r.t. t that: h(t) ≤ h(0) = 1.

(b) We derive: Ln ≤ β0δλ
¬
≤ βtδλ, where step ¬ uses βt ≥ β0.

C.2 PROOF OF LEMMA 3.4

Proof. We let u be a fixed constant vector. We assume 0 < µ2 < µ1.

We define: h(u;µ) , minv∈Rd×1 h(v) + 1
2µ‖v − u‖22.

We define Ph(u;µ) , arg minv∈Rd×1 h(v) + 1
2µ‖v − u‖22.

Initially, by the optimality of Ph(u;µ1) and Ph(u;µ2), we obtain:

u− Ph(u;µ1) ∈ µ1∂h(Ph(u;µ1)), (15)
u− Ph(u;µ2) ∈ µ2∂h(Ph(u;µ2)). (16)

For notation simplicity, we define:

p1 , Ph(u;µ1), g1 ∈ ∂h(Ph(u;µ1))

p2 , Ph(u;µ2), g2 ∈ ∂h(Ph(u;µ2)).
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Equations (15) and (16) can be rewritten as:

u− p1 = µ1g1, (17)
u− p2 = µ2g2. (18)

(a) We now prove that 0 ≤ h(u;µ2)−h(u;µ1)
µ1−µ2

. We have:

h(u;µ1)− h(u;µ2)
¬
= 1

2µ1
‖u− p1‖22 − 1

2µ2
‖u− p2‖22 + h(p1)− h(p2)

­
≤ 1

2µ1
‖u− p1‖22 − 1

2µ2
‖u− p2‖22 + 〈p1 − p2,g1〉

®
= µ1

2 ‖g1‖22 −
µ2

2 ‖g2‖22 + 〈µ2g2 − µ1g1,g1〉
= −µ1

2 ‖g1‖22 −
µ2

2 ‖g2‖22 + µ2〈g2,g1〉
¯
≤ −µ2

2 ‖g1‖22 −
µ2

2 ‖g2‖22 + µ2〈g2,g1〉
= −µ2

2 ‖g2 − g1‖22 ≤ 0,

where step ¬ uses the definition of h(u;µ); step ­ uses the convexity of h(·); step ® uses the
optimality of p1 , Ph(u;µ1) and p2 , Ph(u;µ2) as in (17) and (18); step ¯ uses µ2 < µ1.

(b) We now prove that h(u;µ2)−h(u;µ1)
µ1−µ2

≤ 1
2C

2
g . We have:

h(u;µ2)− h(u;µ1)
¬
= 1

2µ2
‖u− p2‖22 − 1

2µ1
‖u− p1‖22 + h(p2)− h(p1)

­
≤ 1

2µ2
‖u− p2‖22 − 1

2µ1
‖u− p1‖22 + 〈p2 − p1,g2〉

®
= µ2

2 ‖g2‖22 −
µ1

2 ‖g1‖22 + 〈µ1g1 − µ2g2,g2〉
= −µ2

2 ‖g2‖22 −
µ1

2 ‖g1‖22 + µ1〈g2,g1〉
¯
≤ µ1

2 ‖g2‖22 −
µ2

2 ‖g2‖22
°
≤ µ1−µ2

2 · C2
h,

where step ¬ uses the definition of h(u;µ); step ­ uses the convexity of h(·); step ® uses the
optimality of p1 , Ph(u;µ1) and p2 , Ph(u;µ2) as in (17) and (18); step ¯ uses the inequality
that: − 1

2‖g1‖22+〈g1,g2〉 ≤ 1
2‖g2‖22 for all g1 ∈ Rd×1 and g2 ∈ Rd×1; step ° uses ‖g2‖ ≤ Ch.

C.3 PROOF OF LEMMA 3.5

Proof. We let u be a fixed constant vector. We assume 0 < µ2 < µ1.

We define: h(u;µ) , minv∈Rd×1 h(v) + 1
2µ‖v − u‖22.

We define: Ph(u;µ) , arg minv∈Rd×1 h(v) + 1
2µ‖v − u‖22.

Using Claim (b) of Lemma 3.3, we establish that h(u;µ) is smooth w.r.t. u, and its gradient can be
computed as:

∇h(u;µ) = µ−1(u− Ph(u;µ)).

We examine the following mappingH(υ) , υ(u− Ph(u; 1
υ )) withH(υ) : R 7→ Rn. We derive:

limδ→0
H(υ+δ)−H(υ)

δ = limδ→0

(υ+δ)(u−Ph(u;
1

υ+δ ))−υ(u−Ph(u;
1
υ ))

δ

= limδ→0
δu−(υ+δ)Ph(u;

1
υ )+υPh(u;

1
υ )

δ = u− Ph(u; 1
υ ).

Therefore, the first-order derivative of the mappingH(υ) w.r.t. υ always exists and can be computed
as∇υH(υ) = u− Ph(u; 1

υ ), leading to:

∀υ, υ′ > 0, ‖H(υ)−H(υ′)‖
|υ−υ′| ≤ ‖u− Ph(u; 1

υ )‖.
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Letting υ = 1/µ1 and υ′ = 1/µ2, we derive:

‖∇h(u;µ1)−∇h(u;µ2)‖
|1/µ1−1/µ2| ≤ ‖u− Ph(u;µ1)‖ ¬

= µ1‖∂h(Ph(u;µ1))‖
­
≤ µ1Ch,

where step ¬ uses the optimality of Ph(u;µ) that 0 ∈ ∂h(Ph(u;µ)) + 1
µ (Ph(u;µ) − u) for all µ;

step ­ uses the Lipschitz continuity of h(·). We further obtain:

‖∇h(u;µ1)−∇h(u;µ2)‖ ≤ |1/µ1 − 1/µ2|µ1Ch = (µ1/µ2 − 1) · Ch.

C.4 PROOF OF LEMMA 3.6

Proof. The proof of this lemma is similar to that of Lemma 1 in (Li et al., 2022). For completeness,
we include the proof here.

We consider the following strongly convex problems:

x̄n = arg min
xn

hn(xn;µ) + ρ
2‖xn − c‖22

⇔ (x̄n, x̆n) = arg min
xn,x̆n

hn(x̆n) + 1
2µ‖xn − x̆n‖22 + ρ

2‖xn − c‖22.

We have the following first-order optimality conditions:

0 = 1
µ (x̄n − x̆n) + ρ(x̄n − c) (19)

0 ∈ ∂hn(x̆n) + 1
µ (x̆n − x̄n). (20)

(a) Using (19), we obtain: x̄n = 1
1/µ+ρ ( 1

µ x̆n + ρc). Plugging this equation into (20) yields:

0 ∈ ∂hn(x̆n) + 1
µ (x̆n − 1

1/µ+ρ ( 1
µ x̆n + ρc))

= ∂hn(x̆n) + ρ
1+µρ (x̆n − c).

The inclusion above implies that:

x̆n = arg min
x̆n

hn(x̆n) + 1
2 ·

ρ
1+µρ‖x̆n − c‖22.

(b) We derive:

−ρ(x̄n − c)
¬
= 1

µ (x̄n − x̆n)
­
∈ ∂hn(x̆n),

where step ¬ uses (19); step ­ uses (20).

(c) Using (20), we have: x̆n − x̄n = −µ∂hn(x̆n). This leads to ‖x̆n − x̄n‖ ≤ µCh.

D PROOFS FOR SECTION 4

D.1 PROOF OF LEMMA 4.1

Proof. (a) We now focus on sufficient decrease for variables {x1,x2, . . . ,xn−1}. We define Φti =
G(xt+1

[1,i−1],x
t+1
i ,xt[i+1,n], z

t;βt)−G(xt+1
[1,i−1],x

t
i,x

t
[i+1,n], z

t;βt) +hi(x
t+1
i )−hi(xti), where i ∈

[n− 1].

Noticing the function G(xt+1
[1,i−1],xi,x

t
[i+1,n], z

t;βt) is Lti-smooth w.r.t. xi for the t-th iteration, we
have:

G(xt+1
[1,i−1],x

t+1
i ,xt[i+1,n], z

t;βt)−G(xt+1
[1,i−1],x

t
i,x

t
[i+1,n], z

t;βt)

≤ 〈xt+1
i − xti,∇xiG(xt+1

[1,n−1],x
t
i,x

t
[i+1,n], z

t;βt)〉+
Lti
2 ‖x

t+1
i − xti‖22. (21)
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Given xt+1
i is the minimizer of the following optimization problem:

xt+1
i ∈ arg minxi hi(xi) + 〈xi − xti,∇xiG(xt+1

[1,n−1],x
t
i,x

t
[i+1,n], z

t;βt)〉+
θ1L

t
i

2 ‖xi − xti‖22.

The optimality of xt+1
i leads to:

hi(x
t+1
i )− hi(xti) + 〈xt+1

i − xti,∇xiG(xt+1
[1,n−1],x

t
i,x

t
[i+1,n], z

t;βt)〉 ≤ − θ1L
t
i

2 ‖x
t+1
i − xti‖22. (22)

Combining equations (21) and (22), we derive the following expressions:

Φti ≤ ( 1
2 −

θ1
2 ) · Lti‖xt+1

i − xti‖22.

Telescoping the above inequality over i from 1 to (n− 1) leads to:∑n−1
i=1 Φti ≤

∑n−1
i=1 {(

1
2 −

θ1
2 ) · Lti‖x

t+1
i − xti‖22}.

Therefore, we obtain:

L(xt+1
[1,n−1],x

t
n, z

t;βt, µt)− L(xt, zt;βt, µt) ≤
∑n−1
i=1 {(

1
2 −

θ1
2 ) · Lti‖x

t+1
i − xti‖22}. (23)

(b) We now focus on sufficient decrease for variable {xn}. Noticing the function
G(xt+1

[1,n−1],xn, z
t;βt) is Ltn-smooth w.r.t. xn for the t-th iteration, we have:

G(xt+1
[1,n−1],x

t+1
n , zt;βt)−G(xt+1

[1,n−1],x
t
n, z

t;βt)

≤ 〈xt+1
n − xtn,∇xnG(xt+1

[1,n−1],x
t
n, z

t;βt)〉+
Ltn
2 ‖x

t+1
n − xtn‖22. (24)

Since hn(xn;µt) is convex, we have:

hn(xt+1
n ;µt)− hn(xtn;µt)

≤ 〈xt+1
n − xt+1

n ,∇hn(xt+1
i ;µt)〉

¬
= 〈xt+1

n − xt+1
n ,−∇xnG(xt+1

[1,n−1],x
t
n, z

t;βt)〉 − θ2L
t
n(xt+1

n − xtn)〉, (25)

where step ¬ uses the the first-order optimality condition of xt+1
n that:

0 = ∇hn(xt+1
n ;µt) +∇xnG(xt+1

[1,n−1],x
t
n, z

t;βt)〉+ θ2L
t
n(xt+1

n − xtn).

Adding Inequalities (24) and (25) together, we have:

hn(xt+1
n ;µt)− hn(xtn;µt) +G(xt+1

[1,n−1],x
t+1
n , zt;βt)−G(xt+1

[1,n−1],x
t
n, z

t;βt)

≤ Ltn
2 ‖x

t+1
n − xtn‖22 − θ2L

t
n‖xt+1

n − xtn‖22
= ( 1

2 − θ2) · Ltn‖xt+1
n − xtn‖22.

This results in the following inequality:

L(xt+1, zt;βt, µt)− L(xt+1
[1,n−1],x

t
n, z

t;βt, µt) ≤ ( 1
2 − θ2) · Ltn‖xt+1

n − xtn‖22. (26)

(c) We now focus on sufficient decrease for variable {z}. We have:

L(xt+1, zt+1;βt, µt)− L(xt+1, zt;βt, µt)

= 〈Axt+1 − b, zt+1 − zt〉
¬
= 〈 1

σβt (z
t+1 − zt), zt+1 − zt〉

= 1
σβt ‖z

t+1 − zt‖22, (27)

where step ¬ uses zt+1 = zt + σβt(Axt+1 − b) with Axt+1 ,
∑n
j=1 Ajx

t+1
j .
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(d) We now focus on sufficient decrease for variable {β}. We have:

L(xt+1, zt+1;βt+1, µt)− L(xt+1, zt+1;βt, µt)

= (β
t+1

2 − βt

2 )‖Axt+1 − b‖22
¬
= (β

t+1

2 − βt

2 )‖ 1
σβt (z

t+1 − zt)‖22
­
≤ ( (1+ξ)βt

2 − βt

2 )‖ 1
σβt (z

t+1 − zt)‖22
= ξ

2σ ·
1
σβt ‖z

t+1 − zt‖22, (28)

where step ¬ uses zt+1 = zt + σβt(Axt+1 − b); step ­ uses Lemma 3.1 that βt+1 ≤ βt(1 + ξ).

(e) We now focus on sufficient decrease for variable {µ}. We have:

L(xt+1, zt+1;βt+1, µt+1)− L(xt+1, zt+1;βt+1, µt)

= hn(xt+1
n ;µt+1)− hn(xt+1

n ;µt)
¬
≤ 1

2Ch(µt − µt+1), (29)

where step ¬ uses Lemma 3.4.

Combining Inequalities (23), (26), (27), (28), and (29), we have:

L(xt+1, zt+1;βt+1, µt+1)− L(xt, zt;βt, µt)

≤ [
∑n−1
i=1 {(

1
2 −

θ1
2 ) · Lti‖x

t+1
i − xti‖22}] + ( 1

2 − θ2) · Ltn‖xt+1
n − xtn‖22

(1 + ξ
2σ ) · 1

σβt ‖z
t+1 − zt‖22 + 1

2Ch(µt − µt+1) (30)

We define Θt
L , L(xt, zt;βt, µt) + 1

2Chµ
t, ε3 , ξ, ε1 , 1

2θ1 − 1
2 , and Et+1 , ε3

βt ‖z
t+1 − zt‖22 +

ε2L
t
n‖xt+1

n − xtn‖22 + ε1

∑n−1
i=1 Lti‖x

t+1
i − xti‖22. We have:

Et+1 + Θt+1
L −Θt

L

≤ ( 1
2 − θ2 + ε2) · Ltn‖xt+1

n − xtn‖22 + (1 + ξ
2σ + σξ) · 1

σβt ‖z
t+1 − zt‖22.

D.2 PROOF OF LEMMA 4.2

Proof. For any i ∈ [n], we define ut+1
i , θiL

t
i[x

t+1
i − xti]− βtAT

i [
∑n
j=iAj(x

t+1
j − xtj)], and let

w
t+1
i ∈ ∂hi(xt+1

i ) +∇fi(xti).

We notice that xt+1
i is the minimizer of the following problem:

xt+1
i ∈ arg minxi

θLti
2 ‖xi − xti‖22 + hi(xi) + 〈xi − xti,∇xiG(xt+1

[1,i−1],x
t
[i,n], z

t;βt)〉.

Using the necessary first-order optimality condition of the solution xt+1
i , we have:

∇xiG(xt+1
[1,i−1],x

t
[i,n], z

t;βt) ∈ −∂hi(xt+1
i )− θLti(xt+1

i − xti). (31)

Using the definition of the functionG(x, z;β) , 〈[
∑n
j=1 Ajxj ]−b, z〉+ β

2 ‖[
∑n
j=1 Ajxj ]−b‖22 +∑n

j=1 fj(xj), we have:

∇xiG(xt+1
[1,i−1],x

t
[i,n], z

t;βt)

= ∇fi(xti) + AT
i z

t + βtAT
i {[
∑i−1
j=1 Ajx

t+1
j ] + [

∑n
j=iAjx

t
j ]− b}

= ∇fi(xti) + AT
i z

t + βtAT
i {Axt+1 − b + [

∑n
j=iAj(x

t
j − xt+1

j )]}
¬
= ∇fi(xti) + AT

i z
t + 1

σA
T
i (zt+1 − zt) + βtAT

i {
∑n
j=iAj(x

t
j − xt+1

j )}, (32)
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where step ¬ uses the update rule of zt+1 that zt+1 − zt = σβt(
∑n
i=1 Aix

t+1
i − b). Combining

the Equalities (31) and (32), we obtain the following result:

0 ∈ ∂hi(x
t+1
i ) + θiL

t
i[x

t+1
i − xti] +∇fi(xti)

+AT
i z

t + βtAT
i [
∑n
j=iAj(x

t
j − xt+1

j )] + 1
σA

T
i (zt+1 − zt)

Using the definition of wt+1
i and ut+1

i for all i ∈ [n], we have: 0 = w
t+1
i + u

t+1
i + AT

i z
t +

1
σA

T
i (zt+1 − zt). Multiplying both sides by σ ∈ (0, 2), for all t ≥ 0, we have:

0 = σwt+1
i + σAT

i z
t + AT

i (zt+1 − zt) + σut+1
i . (33)

Given that t can take on any integer value, for all t ≥ 1, we derive:

0 = σwt
i + σAT

i z
t−1 + AT

i (zt − zt−1) + σuti. (34)

Combining Equality (33) and Equality (34), for all t ≥ 1, we have:

AT
i (zt+1 − zt) = (1− σ)AT

i (zt − zt−1)− σ(wt+1
i −wt

i)− σ(ut+1
i − uti) (35)

In view of (35), we let i = n and arrive at the following two distinct identities:

BI :AT
n(zt+1 − zt)︸ ︷︷ ︸

,at+1

= (1− σ) (AT
n(zt − zt−1))︸ ︷︷ ︸

,at

+σ (utn − ut+1
n +w

t
n −wt+1

n )︸ ︷︷ ︸
c
t

.

SU :AT
n(zt+1 − zt) + σut+1

n︸ ︷︷ ︸
,at+1

= (1− σ)(AT
n(zt − zt−1) + σutn︸ ︷︷ ︸

,at

) + σ(σutn +w
t
n −wt+1

n︸ ︷︷ ︸
,ct

).

D.3 PROOF OF LEMMA 4.3

Proof. We denote Qt , θ2L
t
nI− βtAT

nAn ∈ Rdi×di .

We assume AT
nAn has the singular value decomposition AT

nAn = ŨTdiag(λ)Ũ, where Ũ ∈
Rdi×di , λ ∈ Rdi×1, and ŨTŨ = ŨŨT = Idi . Here, diag(λ) denotes a diagonal matrix with λ as
the main diagonal entries.

(a) We derive:

Ltn , Ln + βtλ
¬
≤ βtλ(δ + 1), (36)

where step ¬ uses Lemma 3.1 that Ln ≤ δβtλ.

(b) We have:

‖Qt‖ ¬
= ‖θ2L

t
n − βtλ‖∞

­
= θ2L

t
n −min(βtλ)

®
≤ λβt · (θ2(1 + δ)− λ′/λ︸ ︷︷ ︸

,q

),

where step ¬ uses ‖θ2L
t
nI − βtAT

nAn‖ = ‖ŨTdiag(θ2L
t
n − βtλ)Ũ‖ = ‖θ2L

t
n − βtλ‖∞; step ­

uses the fact that ‖ρ − x‖∞ = max(ρ − x) = ρ −min(x) whenever ρ ≥ max(x) for all ρ and x;
step ® uses Inequality (36).

(c) Given ut+1
n , Qt(xt+1

n − xtn) as presented in Lemma 4.2, we have: ‖ut+1
n ‖ ≤ ‖Qt‖ · ‖xt+1

n −
xtn‖ ≤ qλβt‖xt+1

n − xtn‖.

D.4 PROOF OF LEMMA 4.4

Proof. For any σ ∈ [1, 2), we define σ1 , σ
(1−|1−σ|)2 , and σ2 , |1−σ|

σ(1−|1−σ|) .

We define wt+1
n = ∇hn(xt+1

n ;µt) +∇fn(xtn).
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We define at+1 , AT
n(zt+1 − zt), and ct , u

t
n − ut+1

n +w
t
n −wt+1

n .

We define Θt
a , Ka

βt ‖a
t‖22, where Ka = ωσ2

λ .

We define Θt
u , Ku

βt (Ln‖xtn − xt−1
n ‖+ ‖utn‖)2, where Ku = 3ωσ1

λ .

We define Γtµ , C2
hKu
βt · (

µt−1

µt − 1)2.

First, we bound the term ‖ct‖. For all t ≥ 1, we have:

‖ct‖ = ‖wt
n −wt+1

n + u
t
n − ut+1

n ‖
¬
≤ ‖∇hn(xt+1

n ;µt)−∇hn(xtn;µt−1)‖+ ‖∇fn(xtn)−∇fn(xt−1
n )‖+ ‖utn − ut+1

n ‖
­
≤ ‖∇hn(xt+1

n ;µt)−∇hn(xtn;µt−1)‖+ Ln‖xtn − xt−1
n ‖+ ‖utn − ut+1

n ‖
= ‖∇hn(xt+1

n ;µt)−∇hn(xtn;µt) +∇hn(xtn;µt)−∇hn(xtn;µt−1)‖
+Ln‖xtn − xt−1

n ‖+ ‖utn − ut+1
n ‖

®
≤ 1

µt ‖x
t+1
n − xtn‖+ (µ

t−1

µt − 1)Ch + Ln‖xtn − xt−1
n ‖+ ‖utn‖+ ‖ut+1

n ‖, (37)

where step ¬ uses the triangle inequality; step ­ uses the fact that fn(x) is Ln-smooth; step ® uses
Lemma 3.5 and Lemma 3.3.

Second, we bound the term ωσ1

λβt ‖c
t‖22. For all t ≥ 1, we have:

ωσ1

λβt ‖c
t‖22

¬
≤ 3ωσ1

λβt ( 1
µt ‖x

t+1
n − xtn‖+ ‖ut+1

n ‖)2 + 3ωσ1

λβt C
2
h(µ

t−1

µt − 1)2︸ ︷︷ ︸
,Γtµ

+ 3ωσ1

λβt (Ln‖xtn − xt−1
n ‖+ ‖utn‖)2︸ ︷︷ ︸

,Θtu

­
= 3ωσ1

λβt {(
1
µt ‖x

t+1
n − xtn‖+ ‖ut+1

n ‖)2 + (Ln‖xt+1
n − xtn‖+ ‖ut+1

n ‖)2}+ Γtµ + Θt
u −Θt+1

u

®
≤ 3ωσ1

λβt · 2((δ + q)λβt‖xt+1
n − xtn‖)2 + Γtµ + Θt

u −Θt+1
u

= 6ωσ1κ(δ + q)2︸ ︷︷ ︸
,χ1

·λβt · ‖xt+1
n − xtn‖22 + Γtµ + Θt

u −Θt+1
u

¯
≤ χ1L

t
n‖xt+1

n − xtn‖22 + Γtµ + Θt
u −Θt+1

u , (38)

where step ¬ uses Inequality 41 and the fact that (a + b + c)2 ≤ 3a2 + 3b2 + 3c2 for all a ∈ R,
b ∈ R, and c ∈ R; step ­ uses the definitions of {Ku,Θ

t
u,Γ

t
µ}; step ® uses Lemma 4.3 that:

1
µt ≤ δλβt, Ln ≤ δλβt, and ‖ut+1

n ‖ ≤ ‖Qt‖ · ‖xt+1
n − xtn‖ ≤ qλβt‖xt+1

n − xtn‖; step ¯ uses
βtλ ≤ Ltn , βtλ+ Ln.

Finally, we derive the following inequalities for all t ≥ 1:

ω
σβt ‖z

t+1 − zt‖22
¬
≤ ω

λσβt ‖A
T
n(zt+1 − zt)‖22 = ω

σλβt ‖a
t‖22

­
≤ σ2ω

λ ( 1
βt ‖a

t‖22 − 1
βt ‖a

t+1‖22) + ωσ1

λβt ‖c
t‖22

®
≤ σ2ω

λ ·
1
βt ‖a

t‖22︸ ︷︷ ︸
,Θta

−σ2ω
λ ·

1
βt+1 ‖at+1‖22 + ωσ1

λ ·
1
βt ‖c

t‖22

¯
≤ Θt

a −Θt+1
a + χ1L

t
n‖xt+1

n − xtn‖22 + Γtµ + Θt
u −Θt+1

u ,

where step ¬ uses λ‖z‖22 ≤ ‖AT
nz‖22 for all z; step ­ uses Lemma A.2 with b = a

t, b+ = a
t+1,

and a = c
t that:

1
σβt ‖a

t+1‖22 ≤ σ2

βt (‖at‖22 − ‖at+1‖22) + σ1

βt ‖c
t‖22;
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step ® uses − 1
βt ≤ −

1
βt+1 ; step ¯ uses Inequality (38).

D.5 PROOF OF LEMMA 4.5

Proof. (a) With the choice θ1 = 1.01, it clearly holds that ε1 , 1
2θ1 − 1

2 > 0.

(b) We define χ1 , χ0(δ + θ2 + θ2δ − 1/κ)2, where χ0 , 6ωσ1κ.

With the choice θ2 = 1
2χ0(1+δ)2 + 1/κ−δ

1+δ , we now prove that ε2 , θ2 − 1
2 − χ1 > 0.

We consider the following concave auxiliary function

f(θ2) , θ2 − 1
2 − χ0(δ + θ2 + δθ2 − 1/κ)2.

Setting the gradient of f(θ2) w.r.t. θ2 yields: 1− 2χ0(δ + θ2 + δθ2 − 1/κ)(1 + δ) = 0. It follows
that the solution θ̄2 = 1

2(1+δ)2χ0
+ 1/κ−δ

δ+1 is the maximizer of the concave auxiliary function. We
have:

f(θ̄2)
¬
= θ̄2 − 1

2 − χ0(δ + θ2 + δθ2 − 1/κ)2

= 1
4(1+δ)2χ0

+ 1/κ−δ
δ+1 −

1
2

­
≥ 1

4(1+δ)2χ0
+ 0

®
≥ 1

4(1+1/3)2χ0

¯
≥ 1

8χ0
,

where step ¬ uses the definitions of f(θ2) and θ̄2; step ­ uses the following derivations: (δ ≤
2/κ−1

3 )⇒ (2/κ−1 ≥ 3δ)⇒ (2/κ−2δ ≥ 1+δ)⇒ ( 1/κ−δ
1+δ ≥

1
2 ); step ® uses the fact that δ ≤ 1

3 ;
step ¯ uses 4× (1 + 1/3)2 < 8.

D.6 PROOF OF LEMMA 4.6

Proof. We define Et+1 , [ε1

∑n−1
i=1 Lti‖x

t+1
i − xti‖22] + ε2L

t
n‖xt+1

n − xtn‖22 + ε3
βt ‖z

t+1 − zt‖22.

We define Θt , Θt
L + Θt

au, where Θt
au , Θt

a + Θt
u.

Using the results from Lemma 4.1 and Lemma 4.4, we derive the following two respective inequal-
ities:

Et+1 + Θt+1
L −Θt

L ≤ ( 1
2 − θ2 + ε2) · Ltn‖xt+1

n − xtn‖22 + ω
σβt ‖z

t+1 − zt‖22 (39)
ω
σβt ‖z

t+1 − zt‖22 ≤ Θt
au −Θt+1

au + χ1L
t
n‖xt+1

n − xtn‖22 + Γtµ. (40)

Adding Inequalities (39) and (40) together, we have:

Et+1 + Θt+1 −Θt − Γtµ ≤ Ltn‖xt+1
n − xtn‖22 · { 1

2 − θ2 + ε2 + χ1}
¬
= 0,

where step ¬ uses the definition of ε2 , θ2 − 1
2 − χ1 as in Lemma (4.5).

D.7 PROOF OF LEMMA 4.7

Proof. For any σ ∈ (0, 1), we define σ1 , σ
(1−|1−σ|)2 , and σ2 , |1−σ|

σ(1−|1−σ|) .

We define wt+1
n = ∇hn(xt+1

n ;µt) +∇fn(xtn).
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We define at+1 , AT
n(zt+1 − zt) + σutn, and ct , σutn +w

t
n −wt+1

n .

We define Θt
a , Ka

βt ‖a
t‖22, where Ka , 2ωσ2

λ .

We define Θt
u , Ku

βt (Ln‖xtn − xt−1
n ‖+ σ‖utn‖)2, where Ku = 6ωσ1

λ .

We define Γtµ , C2
h6ωσ1

λβt · (µ
t−1

µt − 1)2.

First, we bound the term ‖ct‖. For all t ≥ 1, we have:
‖ct‖ = ‖wt

n −wt+1
n + σutn‖

¬
≤ ‖∇hn(xt+1

n ;µt)−∇hn(xtn;µt−1)‖+ ‖∇fn(xtn)−∇fn(xt−1
n )‖+ σ‖utn‖

­
≤ ‖∇hn(xt+1

n ;µt)−∇hn(xtn;µt−1)‖+ Ln‖xtn − xt−1
n ‖+ σ‖utn‖

= ‖∇hn(xt+1
n ;µt)−∇hn(xtn;µt) +∇hn(xtn;µt)−∇hn(xtn;µt−1)‖+ Ln‖xtn − xt−1

n ‖+ σ‖utn‖
®
≤ 1

µt ‖x
t+1
n − xtn‖+ (µ

t−1

µt − 1)Ch + Ln‖xtn − xt−1
n ‖+ σ‖utn‖, (41)

where step ¬ uses the triangle inequality; step ­ uses the fact that fn(x) is Ln-smooth; step ® uses
Lemma 3.3 and Lemma 3.5.

Second, we bound the term 2ωσ
λβt ‖u

t
n‖22 + 2ω

σλβt ‖c
t‖22. For all t ≥ 1, we have:

2ωσ
λβt ‖u

t+1
n ‖22 + 2ωσ1

λβt ‖c
t‖22

¬
≤ 2ωσ

λβt ‖u
t+1
n ‖22 + 6ωσ1

λβt ( 1
µt ‖x

t+1
n − xtn‖)2 + 6ωσ1

λβt (µ
t−1

µt − 1)2C2
h︸ ︷︷ ︸

Γtµ

+ 6ωσ1

λβt (Ln‖xtn − xt−1
n ‖+ σ‖utn‖)2︸ ︷︷ ︸

,Θtu

­
= 2ωσ1

βtλ · {
σ
σ1
‖ut+1

n ‖22 + 3( 1
µt ‖x

t+1
n − xtn‖)2 + 3(Ln‖xt+1

n − xtn‖+ σ‖ut+1
n ‖)2}+ Γtµ + Θt

u −Θt+1
u

®
≤ 2ωσ1

βtλ · λ
2
(βt)2 · { σσ1

q2 + 3δ2 + 3(δ + σq)2}‖xt+1
n − xtn‖22 + Γtµ + Θt

u −Θt+1
u

¯
≤ 2ωκ

σ · {σ
2q2 + 3δ2 + 3(δ + σq)2}︸ ︷︷ ︸

,χ2

·λβt‖xt+1
n − xtn‖22 + Γtµ + Θt

u −Θt+1
u

°
≤ χ2 · Ltn‖xt+1

n − xtn‖22 + Γtµ + Θt
u −Θt+1

u , (42)

where step ¬ uses Inequality 41 and the fact that (a+b+c)2 ≤ 3a2 +3b2 +3c2 for all a ∈ R, b ∈ R,
and c ∈ R; step ­ uses the definitions of {Ku,Θ

t
u,Γ

t
µ}; step ® uses ‖ut+1

n ‖ ≤ ‖Qt‖‖xt+1
n −xtn‖ ≤

βtλq‖xt+1
n − xtn‖ and Ln ≤ λβtδ, as has been shown respectively in Lemma 4.3 and Lemma 3.1,

as well as the fact that 1
µt = βtλδ; step ¯ uses κ = λ/λ, and the fact that σ1 = 1

σ when σ ∈ (0, 1);
step ° uses βtλ ≤ Ltn , βtλ+ Ln.

Finally, for all t ≥ 1, we derive:
ω
σβt ‖z

t+1 − zt‖22
¬
≤ ω

σβt·λ‖A
T
n(zt+1 − zt)‖22

­
= ω

λ ·
1
σβt ‖a

t+1 − σut+1
n ‖22

®
≤ 2ω

λ · {
1
σβt ‖a

t+1‖22 + σ
βt ‖u

t+1
n ‖22}

¯
≤ 2ω

λ · {
σ2

βt ‖a
t‖22 − σ2

βt ‖a
t+1‖22 + σ1

βt ‖c
t‖22}+ 2ωσ

βtλ ‖u
t+1
n ‖22

°
≤ 2ω

λ
σ2

βt ‖a
t‖22︸ ︷︷ ︸

,Θta

− 2ω
λ

σ2

βt+1 ‖at+1‖22 + 2ω
λ
σ1

βt ‖c
t‖22 + 2ωσ

βtλ ‖u
t+1
n ‖22

±
≤ Θt

a −Θt+1
a + χ2L

t
n‖xt+1

n − xtn‖22 + Γtµ + Θt
u −Θt+1

u ,
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where step ¬ uses the fact that λ‖x‖22 ≤ ‖AT
nx‖22 for all x; step ­ uses the definition of at+1; step

® uses the inequality ‖a + b‖22 ≤ 2‖a‖22 + 2‖b‖22 for all a and b; step ¯ uses Lemma A.2 with
b = a

t, b+ = a
t+1, and a = c

t that

1
σβt ‖a

t+1‖22 ≤ σ1

βt ‖c
t‖22 + σ2

βt (‖at‖22 − ‖at+1‖22);

step ° uses − 1
βt ≤ −

1
βt+1 and σ1 = 1

σ when σ ∈ (0, 1); step ± uses Inequality (42).

D.8 PROOF OF LEMMA 4.8

Proof. We assume ξ = δ = σ = c
κ , where c ∈ (0, 1).

We have:

ω , 1 + ξ
σ = 2 (43)

q , θ2 + θ2δ
¬
≤ θ2 + θ2c. (44)

where step ¬ uses δ = c/κ ≤ c since κ ≥ 1. We further obtain:

ε2 , θ2 − 1
2 −

6ωκ
σ {

1
3σ

2q2 + (δ + σq)2 + δ2}
¬
≥ θ2 − 1

2 −
12
c {

1
3c

2q2 + (c+ cq)2 + c2}
= θ2 − 1

2 − 12c{ 1
3q

2 + (1 + q)2 + 1}
­
≥ θ2 − 1

2 − 12c{ (θ2+θ2c)
2

3 + (1 + θ2 + θ2c)
2 + 1}

®
> 0.02,

where step ¬ uses (43), σ ≤ c, δ ≤ c; step ­ uses (44); step ® uses the choice c = 0.01 and
θ2 = 1.5.

D.9 PROOF OF LEMMA 4.9

Proof. We define Et+1 , [ε1

∑n−1
i=1 Lti‖x

t+1
i − xti‖22] + ε2L

t
n‖xt+1

n − xtn‖22 + ε3
βt ‖z

t+1 − zt‖22.

We define Θt , Θt
L + Θt

au, where Θt
au , Θt

a + Θt
u.

Using the results from Lemma 4.1 and Lemma 4.7, we derive the following two respective inequal-
ities:

Et+1 + Θt+1
L −Θt

L ≤ ( 1
2 − θ2 + ε2) · Ltn‖xt+1

n − xtn‖22 + ω
σβt ‖z

t+1 − zt‖22,
ω
σβt ‖z

t+1 − zt‖22 + Θt+1
au −Θt

au ≤ χ2L
t
n‖xt+1

n − xtn‖22 + Γtµ.

Adding the two inequalities above together leads to:

Et+1 + Θt+1 −Θt − Γtµ ≤ Ltn‖xt+1
n − xtn‖22 · { 1

2 − θ2 + ε2 + χ2}
¬
= 0,

where step ¬ uses the definition of ε2 , θ2 − 1
2 − χ2 as in Lemma (4.8).

D.10 PROOF OF LEMMA 4.10

Proof. The proof of this lemma closely resembles that of Theorem 6 in (Boţ et al., 2019).

We denote Θ , Θ′ − µ0C2
h, where Θ′ is defined in Assumption 1.4

27



Initially, for all t ≥ 1, we have:

Θt ¬
= L(xt, zt;βt, µt) + 1

2Chµ
t + Θt

a + Θt
u

­
≥ L(xt, zt;βt, µt)
®
= hn(xtn;µt) + {

∑n−1
i=1 hi(x

t
i)}+

∑n
i=1 fi(x

t
i) + 〈Axt − b, z〉+ βt

2 ‖Axt − b‖22
¯
≥ −µ0C2

h + {
∑n
i=1 hi(x

t
i)}+ {

∑n
i=1 fi(x

t
i)}+ 〈Axt − b, z〉+ βt

2 ‖Axt − b‖22
°
≥ 〈Axt − b, zt〉 − µ0C2

h + Θ′

±
≥ 〈Axt − b, zt〉+ Θ (45)

where step step1 uses the definition of Θt; step ­ uses the nonnegativity of the terms
{ 1

2Chµ
t,Θt

a,Θ
t
u}; step ® uses the definition of L(xt, zt;βt, µt) in Equation (4); step ¯ uses

0 ≤ hn(u) − hn(u;µ) ≤ µC2
h as shown in Lemma 3.3, and the fact that µt ≤ µ0; step ° uses

Assumption 1.4; step ± uses Θ , Θ′ − µ0C2
h.

We now conclude the proof of this lemma through contradiction. Suppose that there exists t0 ≥ 1
such that Θt0 < Θ. We derive the following inequalities:∑T

t=1(Θt −Θ) = [
∑t0−1
t=1 (Θt −Θ)] + [

∑T
t=t0

(Θt −Θ)]

≤ [
∑t0−1
t=1 (Θt −Θ)] + (T + 1− t0) ·maxTt=t0(Θt −Θ)

¬
≤ [

∑t0−1
t=1 (Θt −Θ)] + (T + 1− t0) · (Θt0 −Θ), (46)

where step ¬ uses Θt ≤ Θt0 for all t ≥ t0. We closely examine Inequality (46). As t0 is finite,
the sum

∑t0−1
t=1 (Θt − Θ) is upper bounded. Considering the negativity of the term (Θt0 − Θ), we

deduce from Inequality (46):

limT→∞
∑T
t=1(Θt −Θ) = −∞. (47)

Meanwhile, for all t ≥ 1, the following inequalities hold:

Θt −Θ
¬
≥ 1

σβt−1 〈zt − zt−1, zt〉
­
= 1

2σ{
1

βt−1 ‖zt‖22 − 1
βt−1 ‖zt−1‖22 + 1

βt−1 ‖zt − zt−1‖22}
®
≥ 1

2σ{
1
βt ‖z

t‖22 − 1
βt−1 ‖zt−1‖22 + 0}, (48)

where step ¬ uses Inequality (45) and zt+1 = zt + σβt(Axt+1 − b); step ­ uses the Pythagoras
relation in Lemma A.1; step ® uses 1

βt−1 ≥ 1
βt .

Telescoping Inequality (48) over t from 1 to T , we have:∑T
t=1(Θt −Θ) ≥ 1

2σ · {
1
βT
‖zT ‖22 − 1

β0 ‖z0‖22} ≥ − 1
2σβ0 ‖z0‖22. (49)

The finiteness of the right-hand-side in (49) contradicts with (47).

Therefore, we conclude that Θt ≥ Θ for all t ≥ 1.

D.11 PROOF OF LEMMA 4.11

Proof. We define Cµ , 3
β0C

2
hKu.

We define Γtµ , C2
h
Ku
βt · (

µt−1

µt − 1)2, where βt = β0(1 + ξtp), µt ∝ 1
βt .
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Letting T ∈ [1,∞), we obtain:∑T
t=1(µ

t−1

µt − 1)2 ¬
=

∑T
t=1( βt

βt−1 − 1)2 = (β
1

β0 − 1)2 +
∑T
t=2( βt

βt−1 − 1)2

­
= (1 + ξ1p − 1)2 +

∑T−1
t=1 (β

t+1

βt − 1)2

®
≤ 1 +

∑∞
t=1

(ξ(t+1)p−ξtp)2

(1+ξtp)2

¯
≤ 1 +

∑∞
t=1( (t+1)p−tp

tp )2

°
≤ 1 + 2, (50)

where step ¬ uses µt ∝ 1
βt ; step ­ uses β1 = β0(1 + ξ1p); step ® uses the definition of βt =

β0 + β0ξtp; step ¯ uses 1
(1+ξtp)2 ≤

1
(ξtp)2 ; step ° uses Lemma A.5.

We further obtain:∑∞
t=1 Γtµ

¬
≤ C2

h
Ku
β0 · {

∑∞
t=1(µ

t−1

µt − 1)2}
­
≤ 3C2

h
Ku
β0 , Cµ,

where step ¬ uses βt ≥ β0; step ­ uses Inequality (50).

D.12 PROOF OF THEOREM 4.12

For both conditions BI and SU, we have from Lemmas (4.6) and (4.9):

Et+1 ≤ Θt −Θt+1 + Γtµ.

Telescoping this inequality over t from 1 to T , we have:∑T
t=1 Et+1 ≤ Θ1 −ΘT+1 +

∑T
t=1 Γtµ

¬
≤ Θ1 −Θ + Cµ , Ke, (51)

where step ¬ uses Lemma 4.10 that Θt ≥ Θ for all t, and Lemma 4.11.

D.13 PROOF OF LEMMA 4.13

Proof. Given σ ∈ (0, 2), we define σ3 , σ
1−|1−σ| ∈ [1,∞).

We define wt+1
n , ∇hn(xt+1

n , µt) +∇fn(xtn).

We define ut+1
n , Qt(xt+1

n − xtn), where Qt , θ2L
t
nI− βtAT

nAn.

We define Kz , 3
λ ( 1

β0λ‖z1‖22 + 2σ3C
2
h + 2σ3C

2
f + σ3q

2λKeε2 ), and K̈z , Ke/ε3.

First, we have:

max∞i=1{‖wi+1
n ‖22} = max∞i=1{‖∇hn(xi+1

n , µi) +∇fn(xin)‖22}
¬
≤ 2 max∞i=1{‖∇hn(xi+1

n , µi)‖22 + ‖∇fn(xin)‖22}
­
≤ 2C2

h + 2C2
f (52)

where step ¬ uses ‖a + b‖22 ≤ ‖a‖22 + ‖b‖22; step ­ uses Assumption 1.2.

Second, we have:

max∞i=1{ 1
βi ‖u

i+1
n ‖22} = max∞i=1{ 1

βi ‖Q
i(xi+1

n − xin)‖22}
¬
≤ max∞i=1{ 1

βi (qλβ
i)2‖xi+1

n − xin‖22}
­
≤ q2λ

∑∞
i=1{Lin‖xi+1

n − xin‖22}
®
≤ q2λKeε2 , (53)
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where step ¬ uses ‖Qt‖ ≤ βtλq for all t ≥ 0, as shown in Lemma 4.3; step ­ uses βiλ ≤ Lin ,
βiλ+ Ln; step ® uses Ke ≥

∑∞
t=1 Et+1 ≥

∑∞
t=1 Et+1 ≥

∑∞
t=1 ε2L

t
n‖xt+1

n − xtn‖22.

(a) Using Part (b) of Lemma 4.2, we have:

AT
nz

t+1 = |1− σ| ·AT
nz

t + σ{wt+1
n + u

t+1
n }.

Since ‖ · ‖22 is convex, for all t ≥ 1, we have:

‖AT
nz

t+1‖ − |1− σ| · ‖AT
nz

t‖ ≤ σ{‖wt+1
n ‖+ ‖ut+1

n ‖}.

Applying Lemma A.7 with et , ‖AT
nz

t‖ and Ψt , ‖wt+1
n ‖+ ‖ut+1

n ‖, for all t ≥ 1, we obtain:

‖AT
nz

t‖22 ≤ (‖AT
nz

1‖+ σ3 maxt−1
i=1{‖wi+1

n ‖+ ‖ui+1
n ‖})2

¬
≤ 3{λ‖z1‖22 + σ3 maxt−1

i=1 ‖wi+1
n ‖22 + σ3 maxt−1

i=1 ‖ui+1
n ‖22}

­
≤ 3βt{ 1

β0λ‖z1‖22 + σ3 max∞i=1
1
βi ‖w

i+1
n ‖22 + σ3 max∞i=1

1
βi ‖u

i+1
n ‖22}

®
≤ 3βt{ 1

β0λ‖z1‖22 + 2σ3C
2
h + 2σ3C

2
f + σ3q

2λKeε2 }
¯
= Kzλβ

t, (54)

where step ¬ use (a + b + c)2 ≤ 3(a2 + b2 + c2), Assumption 1.3 that ‖An‖22 ≤ λ; step ­ uses
βi ≤ βt for all i ≤ t; ® uses Inequalities (52) and (53); step ¯ uses the definition of Kz . This
further leads to ‖zt‖22 ≤ 1

λ‖A
T
nz

t‖22 = Kzλβ
t.

(b) We have:

K̈z , Ke/ε3

¬
≥ 1

ε3

∑∞
t=1 Et+1

­
≥ 1

ε3

∑∞
t=1

ε3
βt ‖z

t+1 − zt‖22,

where step ¬ uses Theorem 4.12; step ­ uses the definition of Et+1 , [ε1

∑n−1
i=1 Lti‖x

t+1
i −xti‖22]+

ε2L
t
n‖xt+1

n − xtn‖22 + ε3
βt ‖z

t+1 − zt‖22 in Lemma 4.1.

D.14 PROOF OF LEMMA 4.14

Proof. We let σ ∈ (0, 2).

First, we derive the following inequalities:

〈Axt+1 − b, zt+1〉 = 1
σβt 〈z

t+1 − zt, zt+1〉
¬
= 1

2σ{
1
βt ‖z

t+1‖22 − 1
βt ‖z

t‖22 + 1
βt ‖z

t+1 − zt‖22}

≥ − 1
2σβt ‖z

t‖22, (55)

where step ¬ uses the Pythagoras relation in Fact A.1.

We consider Lemma 4.6 and Lemma 4.9. We let i ≥ 1. Given E i+1 ≥ 0, it follows that:

0 ≤ Θi −Θi+1 + Γiµ.

Telescoping this inequality over i from 1 to t, we have:

0 ≤ Θ1 −Θt+1 +
∑t
i=1 Γiµ

¬
≤ Θ1 −Θt+1 + Cµ,
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where step ¬ uses Lemma 4.11. For all t ≥ 1, we derive the following results:
Θ1 + Cµ ≥ Θt+1

¬
= Θt+1

L + Θt+1
a + Θt+1

u

­
= L(xt+1, zt+1;βt+1, µt+1) + 1

2Chµ
t+1 + Θt+1

a + Θt+1
u

®
=

∑n
i=1 fi(x

t+1
i ) + 〈Axt+1 − b, zt+1〉+ βt+1

2 ‖Axt+1 − b‖22
+{
∑n−1
i=1 hi(x

t+1
i )}+ hn(xt+1

n ;µt+1) + 1
2Chµ

t+1 + Θt+1
a + Θt+1

u

¯
≥

∑n
i=1[fi(x

t+1
i ) + hi(x

t+1
i )] + 〈Axt+1 − b, zt+1〉 − 1

2µ
t+1C2

h

°
≥

∑n
i=1[fi(x

t+1
i ) + hi(x

t+1
i )]− 1

2σβt ‖z
t‖22 − 1

2µ
t+1C2

h

±
≥

∑n
i=1[fi(x

t+1
i ) + hi(x

t+1
i )]− 1

2σβt ‖z
t‖22 − 1

2µ
0C2

h,

where step ¬ uses the definition of Θt+1; step ­ uses uses the definition of Θt+1
L in Lemma 4.1;

step ® uses the definition of L(xt+1, zt+1;βt+1, µt+1) in (4); step ¯ uses βt+1

2 ‖Axt+1−b‖22 ≥ 0,
1
2Chµ

t+1 ≥ 0, Θt+1
a ≥ 0, Θt+1

u ≥ 0, and the fact that hn(xt+1
n ;µt+1) ≥ hn(xt+1

n ) − 1
2µ

t+1C2
h;

step ° uses Inequality (55); step ± uses µt ≤ µ0 for all t.

We further obtain:∑n
i=1[fi(x

t+1
i ) + hi(x

t+1
i )] ≤ Θ1 + Cµ + 1

2σβt ‖z
t‖22 + 1

2µ
0C2

h

¬
< +∞,

where step ¬ uses the boundedness of 1
βt ‖z

t‖22 for all t ≥ 0, as shown in Lemma 4.13. According
to Assumption 1.4, we have ‖xt+1

i ‖ < +∞ for all i ∈ [n].

D.15 PROOF OF THEOREM 4.15

Proof. We define Kc ,
Ke
K′c

, where K ′c , min{min(ε1, ε2)A, ε3}, and A , minni=1 ‖Ai‖22.

We define Et+1 , [ε1

∑n−1
i=1 Lti‖x

t+1
i − xti‖22] + ε2L

t
n‖xt+1

n − xtn‖22 + ε3
βt ‖z

t+1 − zt‖22.

(a) We have:

Ke

¬
≥

∑T
t=1 Et+1

­
=

∑T
t=1{ε1

∑n−1
i=1 Lti‖x

t+1
i − xti‖22] + ε2L

t
n‖xt+1

n − xtn‖22 + ε3
βt ‖z

t+1 − zt‖22}
®
≥ 1

βT

∑T
t=1{[ε1

∑n−1
i=1

Lti
βt ‖β

t(xt+1
i − xti)‖22] + ε2

Ltn
βt ‖β

t(xt+1
n − xtn)‖22 + ε3‖zt+1 − zt‖22}

¯
≥ 1

βT

∑T
t=1{[ε1

∑n−1
i=1 A‖βt(xt+1

i − xti)‖22] + ε2A‖βt(xt+1
n − xtn)‖22 + ε3‖zt+1 − zt‖22}

°
≥ 1

βT
·K ′c ·

∑T
t=1{

∑n
i=1 ‖βt(x

t+1
i − xti)‖22 + ‖zt+1 − zt‖22}

±
= 1

βT
·K ′c ·

∑T
t=1{‖βt(xt+1 − xt)‖22 + ‖zt+1 − zt‖22},

where step ¬ uses Theorem (4.12); step ­ uses the definition of Et+1; step ® uses βT ≥ βt for
all t ≤ T ; step ¯ uses Lti

βt =
Li+β

t‖Ai‖22
βt ≥ ‖Ai‖22 ≥ A; step ° uses the definition of K ′c ,

min{min(ε1, ε2)A, ε3}; step ± uses
∑n
i=1 ‖x

t+1
i − xti‖22 = ‖xt+1 − xt‖22. Therefore, we obtain:∑T

t=1{‖βt(xt+1 − xt)‖22 + ‖zt+1 − zt‖22} ≤ Ke
K′c
βT = Kcβ

T .

(c) By dividing both sides of the above inequality by T , we obtain:
Kcβ

T

T ≥ 1
T

∑T
t=1{‖βt(xt+1 − xt)‖22 + ‖zt+1 − zt‖22}

≥ minTt=1{‖βt(xt+1 − xt)‖22 + ‖zt+1 − zt‖22}.
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We conclude that there exists an index t̄ with t̄ ≤ T such that ‖zt̄+1 − zt̄‖22 + ‖β t̄(xt̄+1 − xt̄)‖22 ≤
Kcβ

T

T .

D.16 PROOF OF THEOREM 4.18

To prove this theorem, we first provide the following lemma.

Lemma D.1. We define qt , {xt1,xt2, . . . ,xtn−1, x̆
t
n}. We have:

(a) ‖Aqt+1 − b‖22 ≤ B1‖zt+1 − zt‖22 +B2(βt)−2.
(b) dist2(0, ∂hn(x̆t+1

n ) +∇xnfn(x̆t+1
n ) + AT

nz
t+1) ≤ B3‖zt+1 − zt‖22 +B4‖βt(xt+1 − xt)‖22 +

B5(βt)−2.
(c)

∑n−1
i=1 dist2(0, ∂hi(x

t+1
i )+∇xifi(x

t+1
i )+AT

i z
t+1) ≤ B6‖zt+1−zt‖22+B7‖βt(xt+1−xt)‖22.

Here, B1 = 2
σ2(β0)2 , B2 = 2A(Ch

δλ
)2, B3 = 4(1 − 1

σ )2A, B4 = 4q2λ
2

+
4L2

n

(β0)2 , B5 =
4L2

nC
2
h

(δλ)2
,

B6 = 3(1 − 1
σ )2A(n − 1), and B7 = 3L

(β0)2 + 6θ2
1( Lβ0 + A)2 + 6A

2
(n − 1). Furthermore, A ,

maxni=1 ‖Ai‖22, L , maxni=1 Li.

Proof. We define ut+1
i = θ1L

t
i(x

t+1
i − xti)− βtAT

i [
∑n
j=iAj(x

t+1
j − xtj)] with i ∈ [n− 1].

We define ut+1
n , Qt(xt+1

n − xtn) with Qt , θ2L
t
nI− βtAT

nAn.

(a) We have:

‖Aqt+1 − b‖22
= ‖[

∑n
i=1 Aix

t+1
i ]−Anx

t+1
n + Anx̆

t+1
n − b‖22

¬
≤ 2‖

∑n
i=1 Aix

t+1
i − b‖22 + 2‖An(xt+1

n − x̆t+1
n )‖22

­
≤ 2‖Axt+1 − b‖22 + 2A(µtCh)2

®
= 2‖ 1

σβt (z
t+1 − zt)‖22 + 2A( Ch

δλβt
)2,

¯
≤ 2

σ2(β0)2︸ ︷︷ ︸
,B1

‖zt+1 − zt‖22 + 2A(Ch
δλ

)2︸ ︷︷ ︸
,B2

·(βt)−2,

where step ¬ uses the inequality that ‖a − b‖22 ≤ 2‖a‖22 + 2‖b‖22 for all a and b; step ­ uses
‖An‖22 ≤ A and Part (c) in Lemma 3.6; step ® uses zt+1 = zt + βtσ(Axt+1 − b); step ¯ uses
β0 ≤ βt.
(b) We first have the following inequalities:

2‖∇fn(x̆t+1
n )−∇fn(xtn)‖22

= 2‖∇fn(x̆t+1
n )−∇fn(xt+1

n ) +∇fn(xt+1
n )−∇fn(xtn)‖22

¬
≤ 4‖∇fn(x̆t+1

n )−∇fn(xt+1
n )‖22 + 4‖∇fn(xt+1

n )−∇fn(xtn)‖22
­
≤ 4L2

n‖x̆t+1
n − xt+1

n ‖22 + 4L2
n‖xt+1

n − xtn‖22
®
≤ 4L2

n(µt)2C2
h + 4L2

n
1

(βt)2 ‖β
t(xt+1

n − xtn)‖22
¯
≤ 4L2

n
1

(δλ)2
C2
h︸ ︷︷ ︸

,B5

· 1
(βt)2 + 4L2

n‖xt+1
n − xtn‖22, (56)

where step ¬ uses the inequality that ‖a − b‖22 ≤ 2‖a‖22 + 2‖b‖22 for all a and b; step ­ uses the
fact that fn(xn) is Ln-smooth; step ® uses Part (c) of Lemma 3.6 that: ‖x̆t+1

n − xt+1
n ‖ ≤ µtCh;

step ¯ uses µt ≤ 1
δλβt

.
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We further obtain:

dist2(0, ∂hn(x̆t+1
n ) +∇fi(x̆t+1

i ) + AT
i z

t+1)

¬
= ‖θ2L

t
n(ct − xt+1

n ) +∇fi(x̆t+1
i ) + AT

i z
t+1‖22

­
= ‖θ2L

t
n(xtn − 1

θ2Ltn
g − xt+1

n ) +∇fi(x̆t+1
i ) + AT

i z
t+1‖22

®
= ‖(θ2L

t
n − βtAT

nAn)(xtn − xt+1
n ) +∇fn(x̆t+1

n )−∇fn(xtn) + (1− 1
σ )AT

n(zt+1 − zt)‖22
¯
≤ 2‖Q(xtn − xt+1

n ) + (1− 1
σ )AT

n(zt+1 − zt)‖22 + 2‖∇fn(x̆t+1
n )−∇fn(xtn)‖22

°
≤ 4(1− 1

σ )2A‖zt+1 − zt‖22 + 4‖Q(xtn − xt+1
n )‖22 + 2‖∇fn(x̆t+1

n )−∇fn(xtn)‖22
±
≤ 4(1− 1

σ )2A︸ ︷︷ ︸
,B3

‖zt+1 − zt‖22 + {4q2λ
2

+ 4L2
n

1
(β0)2︸ ︷︷ ︸

,B4

} · ‖βt(xtn − xt+1
n )‖22 + B5

(βt)2 , (57)

where step ¬ uses the optimality condition as shown in Part (b) of Lemma 3.6 that:

ρ(ct − xt+1
n ) ∈ ∂hn(x̆t+1

n ), with ρ = θ2L
t
n;

step ­ uses ct = xtn − g/ρ as shown in Algorithm 1; step ® uses the fact that:

g = ∇fn(xtn) + AT
nz

t + 1
σA

T
n(zt+1 − zt) + βtAT

nAn(xtn − xt+1
n ),

step ¯ uses the definition of Q as in Lemma 4.2 and the inequality that ‖a−b‖22 ≤ 2‖a‖22 +2‖b‖22;
step ° uses the inequality that ‖a−b‖22 ≤ 2‖a‖22+2‖b‖22 and ‖An‖ ≤ A; step ± uses ‖Qt‖ ≤ βtλq
as shown in Lemma 4.3, Inequality (56), and the fact that β0 ≤ βt.
(c) We first have the following inequalities:∑n−1

i=1 ‖u
t+1
i ‖22

¬
= ‖

∑n−1
i=1 {θ1L

t
i(x

t+1
i − xti)− βtAT

i [
∑n
j=iAj(x

t+1
j − xtj)]}‖22

­
≤ 2‖

∑n−1
i=1 θ1L

t
i(x

t+1
i − xti)‖22 + 2‖

∑n−1
i=1 β

tAT
i [
∑n
j=iAj(x

t+1
j − xtj)]‖22

®
≤ 2(θ1L

t
i)

2
∑n−1
i=1 ‖x

t+1
i − xti‖22 + 2A

2
(n− 1)

∑n−1
j=1 ‖βt(x

t+1
j − xtj)‖22

¯
≤ 2(θ1L

t
i)

2‖xt+1 − xt‖22 + 2A
2
(n− 1)‖βt(xt+1 − xt)‖22

°
≤ 2θ2

1( Lβ0 + A)2 · ‖βt(xt+1 − xt)‖22 + 2A
2
(n− 1)‖βt(xt+1 − xt)‖22

= {2θ2
1( Lβ0 + A)2 + 2A

2
(n− 1)} · ‖βt(xt+1 − xt)‖22, (58)

where step ¬ uses the definition of ut+1
i for all i ∈ [n−1]; step ­ uses the inequality that ‖a−b‖22 ≤

2‖a‖22 + 2‖b‖22; step ® uses ‖An‖22 ≤ A; step ¯ uses
∑n−1
j=1 ‖x

t+1
j − xtj‖22 ≤ ‖xt+1 − xt‖22; step

° uses Lti = Li + βt‖Ai‖22 ≤
βtLi
β0 + βtA ≤ βtL

β0 + βtA.

We have:∑n−1
i=1 dist2(∂hi(x

t+1
i ) +∇fi(xt+1

i ) + AT
i z

t+1)

¬
=

∑n−1
i=1 ‖(1−

1
σ )AT

i (zt+1 − zt)−∇fi(xti)− u
t+1
i +∇fi(xt+1

i )‖22
­
≤ 3

∑n−1
i=1 ‖(1−

1
σ )AT

i (zt+1 − zt)‖22 + 3
∑n−1
i=1 ‖∇fi(xti)−∇fi(x

t+1
i )‖22 + 3

∑n−1
i=1 ‖u

t+1
i ‖22

®
≤ 3(1− 1

σ )2A(n− 1)︸ ︷︷ ︸
,B6

‖zt+1 − zt‖22 + 3L
(β0)2 ‖β

t(xt − xt+1)‖22 + 3
∑n−1
i=1 ‖u

t+1
i ‖22

¯
= B6‖zt+1 − zt‖22 + 3L

(β0)2 + 6θ2
1( Lβ0 + A)2 + 6A

2
(n− 1)︸ ︷︷ ︸

,B7

·‖βt(xt − xt+1)‖22,
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where step ¬ uses Part (a) in Lemma 4.2 that:

i ∈ [n− 1], ∂hi(x
t+1
i ) 3 −ut+1

i −AT
i z

t − 1
σA

T
i (zt+1 − zt)−∇fi(xti);

step ­ uses the inequality that ‖a + b + c‖22 ≤ 3‖a‖22 + 3‖b‖22 + 3‖c‖22; step ® uses ‖Ai‖22 ≤ A,
fi(xi) is Li-smooth, Li ≤ L, and β0 ≤ βt; step ¯ uses Inequality (58).

Now, we proceed to prove the theorem.

Proof. We define Crit(x, z) , ‖Ax− b‖22 +
∑n
i=1 dist2(0,∇fi(xi) + ∂hi(xi) + AT

i z).

We define qt , {xt1,xt2, . . . ,xtn−1, x̆
t
n}.

Using lemma D.1, for all t ≥ 0, we have:

Crit(qt+1, zt+1)

≤ (B1 +B3 +B6)︸ ︷︷ ︸
,D1

‖zt+1 − zt‖22 + (B4 +B7)︸ ︷︷ ︸
,D2

‖βt(xt+1 − xt)‖22 + (B2 +B5)︸ ︷︷ ︸
,D3

(βt)−2.(59)

We further derive:
1
T

∑T
t=0 Crit(qt+1, zt+1)

¬
≤ 1

T max(D1, D2)
∑T
t=0{‖zt+1 − zt‖22 + ‖βt(xt+1 − xt)‖22}+ D3

T (β0)−2 + D3

T

∑T
t=0(βt)−2

­
≤ 1

T max(D1, D2)Kcβ
T + D3

T (β0)−2 + D3

(β0ξ)2 ·
1
T

∑T
t=1 t

−2p

®
≤ 1

T max(D1, D2)Kcβ
T + D3

T (β0)−2 + D3

(β0ξ)2 ·
1
T ·

T 1−2p

1−2p , with 2p ∈ (0, 1)

= O(T p−1) +O(T−1) +O(T 1−2p−1), with 2p ∈ (0, 1).

Here, step ¬ uses Inequality 59; step ­ uses Theorem 4.15, and 1
(βt)2 = 1

(β0+β0ξtp)2 ≤
1

(β0ξtp)2 ;

step ® uses the fact that
∑T
t=1 t

−p′ ≤ T (1−p′)

1−p′ if p′ ∈ (0, 1), as shown in Lemma A.6.

In particular, with the choice p = 1/3, we have: 1
T

∑T
t=0 Crit(qt+1, zt+1) ≤ O(T−2/3).

D.17 PROOF OF LEMMA 4.20

Proof. We let zt√
βt

, ẑt for all t.

Initially, we derive: ∑∞
t=1(1−

√
βt

βt+1 )2 ¬
=

∑∞
t=1(1−

√
1+ξtp

1+ξ(t+1)p )2

­
≤

∑∞
t=1(1−

√
tp

(t+1)p )2

=
∑∞
t=1

{(t+1)p/2−tp/2}2
(t+1)p

®
≤

∑∞
t=1

{p2 ·t
(p/2−1)}2

tp

¯
≤ 1

4

∑∞
t=1

t(p−2)

tp

°
≤ 1/2, (60)

where step ¬ uses βt = β0(1 + ξtp) for all t ≥ 0; step ­ uses 1+ξtp

1+ξ(t+1)p ≤
ξtp

ξ(t+1)p ; step ® uses

Lemma A.4 that (t+ 1)p/2 − tp/2 ≤ p
2 t

(p/2−1) for all t ≥ 1 and p
2 ∈ (0, 1); step ¯ uses p ≤ 1 and

1
t+1 ≤

1
t ; step ° uses

∑∞
t=1

1
t2 = π2

6 < 2.
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(a) We have: ‖ẑt‖22 = ‖ zt√
βt
‖22 = 1

βt ‖z
t‖22 ≤ Kz < +∞, where the last step uses Lemma 4.13.

(b) We have:∑∞
t=1 ‖ẑt+1 − ẑt‖22

¬
=

∑∞
t=1 ‖

zt+1√
βt+1

− zt√
βt
‖22

=
∑∞
t=1 ‖

zt+1−zt√
βt+1

− zt( 1√
βt
− 1√

βt+1
)‖22

­
≤ 2

∑∞
t=1 ‖

zt+1−zt√
βt+1

‖22 + 2
∑∞
t=1 ‖zt(

1√
βt
− 1√

βt+1
)‖22

®
≤ 2

∑∞
t=1

1
βt ‖z

t+1 − zt‖22 + 2
∑∞
t=1

1
βt ‖(1−

√
βt

βt+1 ) · zt‖22
¯
≤ 2Kzz + 2

βt ‖z‖
2
2 ·
∑∞
t=1(1−

√
βt

βt+1 )2

°
≤ 2Kzz + 2Kz · 1

2 ,

where step ¬ uses the definition zt√
βt

, ẑt for all t; step ­ uses ‖a− b‖22 ≤ 2‖a‖22 + 2‖b‖22; step

® uses 1
βt+1 ≤ 1

βt ; step ¯ uses
∑∞
t=1

1
βt ‖z

t+1−zt‖22 ≤ Kzz as shown in Lemma 4.13; step ° uses
Inequality (60), and 1

βt ‖z
t‖22 ≤ Kz as shown in Lemma 4.13.

E ADDITIONAL EXPERIMENT DETAILS AND RESULTS

We offer further experimental details in Sections E.1 and E.2, and include additional results in
Section E.3.

E.1 DATASETS

We incorporate four datasets in our experiments, including both randomly generated data and pub-
licly available real-world data. These datasets serve as our data matrices D ∈ Rṁ×ḋ. The
dataset names are as follows: ‘TDT2-ṁ-ḋ’, ‘sector-ṁ-ḋ’, ‘mnist-ṁ-ḋ’, and ‘randn-ṁ-ḋ’. Here,
randn(m,n) refers to a function that generates a standard Gaussian random matrix with dimensions
m× n. The matrix D ∈ Rṁ×ḋ is constructed by randomly selecting ṁ examples and ḋ dimension-
s from the original real-world dataset (http://www.cad.zju.edu.cn/home/dengcai/
Data/TextData.html,https://www.csie.ntu.edu.tw/˜cjlin/libsvm/). We
normalize each column of D to have a unit norm and center the data by subtracting the mean.

E.2 PROJECTION ON ORTHOGONALITY CONSTRAINTS

When h(x) = ιM(mat(x)) with Ω , {V |VTV = I}, computing the proximal operator reduces
to the following optimization problem:

x̄ ∈ arg minx
µ
2 ‖x− x′‖22, s.t.mat(x) ∈M , {V |VTV = I}.

This is the nearest orthogonality matrix problem, and the optimal solution can be computed as
x̄ = vec(ÛV̂T), where mat(x′) = ÛDiag(s)ÛT is the singular value decomposition of the matrix
mat(x′). Please refer to (Lai & Osher, 2014).

E.3 ADDITIONAL EXPERIMENT RESULTS

We present the convergence curves of the compared methods for solving sparse PCA with ρ̇ = 1
and ρ̇ = 100 in Figures 2 and 3, respectively. It is evident that the proposed IPDS-ADMM generally
outperforms other methods in terms of speed for the sparse PCA problem. These results further
corroborate our earlier findings.

35

http://www.cad.zju.edu.cn/home/dengcai/Data/TextData.html
http://www.cad.zju.edu.cn/home/dengcai/Data/TextData.html
https://www.csie.ntu.edu.tw/~cjlin/libsvm/


0 5 10

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(a) randn-1500-500

0 5 10 15

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(b) randn-2500-500

0 20 40 60

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(c) mnist-1500-500

0 20 40 60

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(d) mnist-2500-500

0 10 20 30 40

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(e) TDT2-1500-500

0 20 40 60

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(f) TDT2-3000-500

0 10 20 30

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(g) sector-1500-500

0 20 40

10
2

Time (seconds)

O
b
je
ct
iv
e

 

 

IPDS−ADMM
RADMM
SPGM
SubGrad

(h) sector-2500-500

Figure 2: The convergence curve of the compared methods for solving sparse PCA with ρ̇ = 1.
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Figure 3: The convergence curve of the compared methods for solving sparse PCA with ρ̇ = 100.
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