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Abstract

Nonsmooth composite optimization with orthogonality constraints has a wide range
of applications in statistical learning and data science. However, this problem is
challenging due to a nonsmooth objective function and computationally expensive,
non-convex constraints. In this paper, we propose a new approach called OBCD,
which harnesses Block Coordinate Descent to address these challenges. OBCD
is a feasible method with a small computational footprint. In each iteration, it
updates k rows of the solution matrix to preserve the constraints, where k ≥ 2 is a
user-defined parameter. Subsequently, it globally solves a small-sized nonsmooth
composite optimization problem under orthogonality constraints. We prove that
OBCD is guaranteed to converge to block-k stationary points, and the optimality
of block-k stationary point is stronger than that of the standard critical point. Under
the Kurdyka-Lojasiewicz (KL) inequality, we establish strong limit-point conver-
gence results for OBCD. We also discuss some extensions of OBCD, including
breakpoint searching methods for solving the subproblem, and greedy strategies
to find the working set. To validate the effectiveness of our method, we conduct a
comprehensive set of experiments across various tasks, demonstrating the superior
performance of our approach.

1 Introduction

We consider the following nonsmooth composite optimization problem under orthogonality con-
straints (‘,’ means define):

min
X∈Rn×r

F (X) , f(X) + h(X), s.t.XTX = Ir. (1)

Here, n ≥ r and Ir is a r × r identity matrix. We do not assume convexity of f(X) and h(X). For
brevity, the orthogonality constraints XTX = Ir in Problem (1) is rewritten as X ∈ St(n, r) , {X ∈
Rn×r | XTX = Ir}, whereM , St(n, r) is the Stiefel manifold in the literature [10, 2, 40, 16].
We impose the following assumptions on Problem (1) throughout this paper. (Asm-i) For any X
and X+, where X and X+ only differ at most by k rows with k ≥ 2, we assume f : Rn×r 7→ R is
continuously differentiable for a matrix H ∈ Rnr×nr with H � 0 that:

f(X+) ≤ Q(X+; X) , f(X) + 〈X+ −X,∇f(X)〉+ 1
2‖X

+ −X‖2H, (2)

where ‖H‖ ≤ Lf for some constant Lf > 0 and ‖X‖2H , vec(X)THvec(X) 1. (Asm-ii) The
function h(X) : Rn×r 7→ R is not necessarily smooth or convex, but it is coordinate-wise separable

1Given any symmetric matrices C ∈ Rn×n and D ∈ Rr×r , we let H = D ⊗C. The function f(X) =
1
2
tr(XTCXD) = 1

2
‖X‖2H satisfies (2) with equality, as f(X+) = Q(X+;X) holds for all X and X+.
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that h(X) =
∑
i,j h(Xij). We focus exclusively on three representative examples: h(X) = ‖X‖0,

h(X) = ‖X‖1, and h(X) = I≥0(X) throughout his paper. It follows that the subdifferential of
h(X) always exist for any X. (Asm-iii) The following small-sized subproblem can be solved exactly
and efficiently: minV∈St(k,k) P(V) , 1

2‖V‖
2
Q′ + 〈V,P〉 + h(VZ) for any given Z ∈ Rk×r,

P ∈ Rk×k, and Q′ ∈ Rk2×k2

. Here, we employ a notational simplification by defining h(VZ) ,∑
i,j h([VZ]ij), given the coordinate-wise separability of the function h(·).

Problem (1) is an optimization framework that plays a crucial role in a variety of statistical learning
and data science models, such as sparse Principal Component Analysis (PCA) [21, 36], nonnegative
PCA [46, 33], Fourier transforms approximation [11], phase synchronization [25], electronic structure
calculation [50, 27], orthogonal nonnegative matrix factorization [20], K-indicators clustering [19],
and dictionary learning [48].

1.1 Related Work

We now present some related algorithms in the literature.

I Minimizing Smooth Functions under Orthogonality Constraints. One difficulty in solving
Problem (1) arises from the nonconvexity of the orthogonality constraints. Existing methods for
handling this issue can be divided into three classes. (i) Geodesic-like methods [1, 10, 2, 18]. Since
calculating geodesics involves solving ordinary differential equations, which may cause computational
complexity, geodesic-like methods iteratively compute the geodesic logarithm using simple linear
algebra calculations. The work of [40] develops a simple and efficient constraint preserving update
scheme and achieves low computation complexity per iteration. They combine the feasible update
scheme with the Barzilai-Borwein (BB) nonmonotonic line search for optimization with orthogonality
constraints. (ii) Projection-like methods [2, 14]. These methods preserve the orthogonality constraints
by projection. They decrease the objective value using its current Euclidean gradient direction or
Riemannian tangent direction, followed by an orthogonal projection operation. This can be calculated
by polar decomposition or approximated by QR factorization. (iii) Multiplier correction methods
[12, 13, 26]. Since the Lagrangian multiplier associated with the orthogonality constraint is symmetric
and has an explicit closed-form expression at the first-order optimality condition, multiplier correction
methods update the multiplier after achieving sufficient reduction in the objective function. This
leads to efficient first-order feasible or infeasible approaches.

I Minimizing Nonmooth Functions under Orthogonality Constraints. Another difficulty of
solving Problem (1) comes from the nonsmoothness of the objective function. Existing methods
for addressing this problem can be classified into three categories. (i) Subgradient methods [17, 23].
Subgradient methods are analogous to gradient descent methods. Most of the aforementioned
geodesic-like and projection-like strategies can be incorporated into the subgradient methods. How-
ever, the step size in subgradient methods needs to be diminishing to guarantee convergence. (ii)
Proximal gradient methods [6]. They solve a strongly convex minimization problem over the tangent
space using a semi-smooth Newton method to find a descent direction. Subsequently, they maintain
the orthogonality constraint through a retraction operation. (iii) Operator splitting methods [22, 7, 49].
Operator splitting methods introduce linear constraints and decompose the original problem into
simpler subproblems, which can be solved separately and exactly. Alternating Direction Methods
of Multipliers (ADMM) [15] and Smoothing Penalty Methods (SPM) [8] represent two prominent
variants of operator splitting methods.

I Block Coordinate Descent Methods. (Block) coordinate descent is a classical and powerful
algorithm that solves optimization problems by iteratively performing minimization along (block)
coordinate directions [38, 42]. The BCD methods have recently gained attention in solving nonconvex
optimization problems, including sparse optimization [45, 44], k-means clustering [32], structured
nonconvex minimization [43], recurrent neural network [30], and multi-layer convolutional networks
[4, 47]. BCD methods have also been used in [36, 30] for solving optimization problems with
orthogonal group constraints. However, their column-wise BCD methods are limited only to solve
smooth minimization problems with k = 2 and r = n (Refer to Section 4.2 in [36]). Our row-wise
BCD methods can solve general nonsmooth problems with k ≥ 2 and r ≤ n. The work of [13]
proposes a parallelizable column-wise BCD scheme for solving the subproblems of their proximal
linearized augmented Lagrangian algorithm. Impressive parallel scalability in a parallel environment
of their algorithm is demonstrated. We stress that our row-wise BCD methods are different from the
two column-wise counterparts.
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I Summary. Existing solutions have one or more of the following limitations: (i) They rely
on full gradient information, incurring high computational costs per iteration. (ii) They cannot
handle general nonsmooth composite problems. (iii) They lack descent properties, even worse,
they are infeasible methods, achieving solution feasibility only at the limit point. (iv) They often
lack rigorous convergence guarantees. (v) They only establish weak optimality at critical points.
F To our knowledge, this represents the first application of BCD methods to solve nonsmooth
composite optimization problems under orthogonality constraints, demonstrating strong optimality
and convergence guarantees.

1.2 Contributions

This paper makes the following contributions. (i) Algorithmically: We propose a Block Coordi-
nate Descent (BCD) algorithm tailored for nonsmooth composite optimization under orthogonality
constraints (Section 2). (ii) Theoretically: We provide comprehensive optimality and convergence
analyses of our methods (Sections 3 and 4). (iii) Side Contributions: We introduce breakpoint
searching methods for solving subproblems when k = 2 (Section 5), and present two working set
selection greedy strategies to improve the computational efficiency of our methods (Section D in the
Appendix). (iv) Empirically: Extensive experiments demonstrate that our methods surpass existing
solutions in terms of accuracy and/or efficiency (Section 6).

2 The Proposed OBCD Algorithm

In this section, we introduce OBCD, a Block Coordinate Descent algorithm for solving general
nonsmooth composite problems under Orthogonality constraints, as defined in Problem 1.

We start by presenting a new update scheme designed to maintain the orthogonality constraint.

I A New Constraint-Preserving Update Scheme. For any partition of the index vector [1, 2, ..., n]
into [B, Bc] with B ∈ Nk, Bc ∈ Nn−k, we define UB ∈ Rn×k and UBc ∈ Rn×(n−k) as:
(UB)ji =

{
1, Bi = j;
0, else. , (UBc)ji =

{
1, Bci = j;
0, else. . Therefore, we have the following variable s-

plitting for any X ∈ Rn×r: X = InX = (UBU
T
B + UBcUT

Bc)X = UBX(B, :) + UBcX(Bc, :), where
X(B, :) = UT

B X ∈ Rk×r and X(Bc, :) = UT
BcX ∈ R(n−k)×r.

In each iteration t, the indices {1, 2, ..., n} of the rows of decision variable X ∈ St(n, r) are separated
to two sets B and Bc, where B is the working set with |B| = k and Bc = {1, 2, ..., n} \ B. To simplify
notation, we use B instead of Bt, as t can be inferred from the context. We only update k rows of
the variable X via Xt+1(B, :)⇐ VXt(B, :) for some appropriate matrix V ∈ Rk×k. The following
equivalent expressions hold:

Xt+1(B, :) = VXt(B, :) ⇔ Xt+1 = (UBVUT
B + UBcUT

Bc)Xt (3)

⇔ Xt+1 = Xt + UB(V − Ik)UT
B Xt. (4)

We consider the following minimization procedure to iteratively solve Problem (1):

min
V

F (X tB (V)), s.t.X tB (V) ∈ St(n, r), where X tB (V) , Xt + UB(V − Ik)UT
B Xt. (5)

The following lemma shows that the orthogonality constraint for X+ = X + UB(V − Ik)UT
B X can

be preserved by choosing suitable V and X.

Lemma 2.1. (Proof in Appendix E.1) We let B ∈ {Bi}C
k
n

i=1, where the set {B1,B2, ...,BCk
n
} denotes

all possible combinations of the index vectors choosing k items from n without repetition. We let
V ∈ St(k, k). We define X+ , XB(V) , X + UB(V − Ik)UT

B X. (a) For any X ∈ Rn×r, we have
[X+]TX+ = XTX. (b) If X ∈ St(n, r), then X+ ∈ St(n, r).

Remarks. When X is ε-orthogonal that ‖XTX− Ik‖F ≤ ε with ε ≥ 0, Lemma 2.1 implies that X+

is also ε-orthogonal with ‖[X+]TX+ − Ik‖F ≤ ε.
Thanks to Lemma 2.1, we can now explore the following alternative formulation for Problem (5).

V̄t ∈ arg min
V

F (X tB (V)), s.t.V ∈ St(k, k). (6)
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Then the solution matrix is updated via: Xt+1 = X tB (V̄t).

The following lemma offers important properties that relate to the update rule X+ = X + UB(V −
Ik)UT

B X.

Lemma 2.2. (Proof in Appendix E.2) We define X+ = X+UB(V−Ik)UT
B X. For any X ∈ St(n, r),

V ∈ St(k, k), B ∈ {Bi}C
k
n

i=1, and symmetric matrix H ∈ Rnr×nr, we have: (a) 1
2‖X

+ −X‖2H =
1
2‖V − Ik‖2Q, where Q , (ZT ⊗UB)

TH(ZT ⊗UB), and Z , UT
B X ∈ Rk×r. (b) 1

2‖X
+ −X‖2F =

〈Ik −V,UT
B XXTUB〉. (c) 1

2‖X
+ −X‖2F ≤ 1

2‖V − Ik‖2F = 〈Ik, Ik −V〉.

I The Main Algorithm. The proposed algorithm OBCD is an iterative procedure that sequentially
minimizes the objective function along block coordinate directions within a sub-manifold ofM.

Starting with an initial feasible solution, OBCD iteratively determines a working set Bt using specific
strategies. It then solves the small-sized subproblem in Problem (6) through successive majorization
minimization. This method iteratively constructs a surrogate function that majorizes the objective
function, driving it to decrease as expected [29, 34], and it has proven effective for minimizing
complex functions.

We now demonstrate how to derive the majorization function for F (X tB (V)) in Problem (6). Initially,

for any Xt ∈ St(n, r) and V ∈ St(k, k), we establish following inequalities: f(X tB (V))− f(Xt)
¬
≤

〈X tB (V)−Xt,∇f(Xt)〉+ 1
2‖X

t
B (V)−Xt‖2H

­
= 〈UB(V− Ik)UT

B Xt,∇f(Xt)〉+ 1
2‖V− Ik‖2Q

®
≤

〈V − Ik, [∇f(Xt)(Xt)T]BB〉 + 1
2‖V − Ik‖2Q+αI, where step ¬ uses Inequality (2); step ­ uses

Claim (a) of Lemma 2.2; step ® uses Q � Q and α ≥ 0. Then, we have the following inequality
that majorizes F (X tB (V)) in Equation (6):

F (X tB (V)) = f(X tB (V)) + h(X tB (V))

≤ f(Xt) + 〈V − Ik, [∇f(Xt)(Xt)T]BB〉+ 1
2‖V − Ik‖2Q+αI + h(UT

BcX
t) + h(VUT

B Xt)︸ ︷︷ ︸
,K̈(V;Xt,B)

. (7)

Here, we use the coordinate-wise separable property of h(·) as follows: h(X tB (V)) = h(UBcUT
BcX

t +
UBVUT

B Xt) = h(UT
BcX

t) + h(VUT
B Xt). We minimize the upper bound of the right-hand side of

Inequality (7), resulting in the minimization subproblem as in Problem (10). This subproblem can be
efficiently and exactly solved due to our assumption.

Algorithm 1: OBCD: The Proposed Block Coordinate Descent Algorithm for Nonsmooth Compos-
ite Optimization under Orthogonality Constraints.

Input: an initial feasible solution X0. Set k ≥ 2, t = 0.
for t from 0 to T do

(S1) Use some strategy to find a working set Bt for the t-it iteration with Bt ∈ {1, 2, ..., n}k. Let
B = Bt and Bc = {1, 2, ..., n} \ B. Let Z , UT

B Xt ∈ Rk×r.
(S2) Choose a suitable matrix Q ∈ Rk2×k2

using Equation (8) or Equation (9):

Q = Q , (ZT ⊗UB)
TH(ZT ⊗UB), (8)

Q = ςI, with ‖Q‖ ≤ ς ≤ Lf . (9)

(S3) Find a global optimal solution of the following problem:

V̄t ∈ arg min
V∈St(k,k)

K̈(V; Xt, B) , 1
2‖V − Ik‖2Q+αI + h(VZ) + 〈V, [∇f(Xt)(Xt)T]BB〉+ c̈. (10)

Here, c̈ = h(UT
BcX

t) + f(Xt)− 〈Ik, [∇f(Xt)(Xt)T]BB〉 is a constant.
(S4) Xt+1(B, :) = V̄tXt(B, :)

end

Three strategies to find the working set B with |B| = k can be considered. (i) Random strategy: B
is randomly selected from {B1,B2, ...,BCk

n
} with equal probability 1/Ckn. (ii) Cyclic strategy: Bt
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takes all possible combinations in cyclic order, such as B1 → B2 → ...→ BCk
n
→ B1 → .... (iii)

Greedy strategy: We propose two novel greedy strategies to find a good working set. Due to space
limitation, we have included them in Appendix D.

The proposed OBCD algorithm is summarize in Algorithm 2. We outline some properties of OBCD
using the following lemma.
Lemma 2.3. (Proof in Appendix E.3) We have: (a) Problem (10) is equivalent to the following
problem:

min
V∈St(k,k)

P(V) , 1
2‖V‖

2
Q + 〈V,P〉+ h(VZ), (11)

where P , [∇f(Xt)(Xt)T]BB −mat(Qvec(Ik))− αIk. (b) Assume the matrix Q is chosen to be
a diagonal matrix as shown in (9). The term 1

2‖V‖
2
Q in Problem (11) vanishes, and Problem (11)

reduces to the following problem: V̄t ∈ arg minV∈St(k,k) P(V) , 〈V,P〉+ h(VZ). In particular,
when h(X) , 0, the optimal solution V̄t can be computed as: V̄t = −PM(P) and it holds that
Λ , −PTV̄t � 0. Here, PM(P) is the nearest orthogonality matrix to P.

I Smallest Possible Subproblems When k = 2. We are particularly interested in the case when
k = 2 since it results in analytical solutions for the subproblems. The following lemma reveals an
equivalent expression for any V ∈ St(2, 2).
Lemma 2.4. (Proof in Appendix E.4) Any orthogonal matrix V ∈ St(2, 2) can be expressed as
V = Vrot

θ or V = Vref
θ for some θ ∈ R, where Vrot

θ , (
cos(θ) sin(θ)
− sin(θ) cos(θ)

), Vref
θ , (

− cos(θ) sin(θ)
sin(θ) cos(θ) ).

We have det(Vrot
θ ) = 1 and det(Vref

θ ) = −1 for any θ.

Using Lemma 2.4, we can reformulate Problem (11) as the following one-dimensional problem:
minθ P(V), s.t.V ∈ {Vrot

θ ,Vref
θ }.

Remarks. (i) Vrot
θ and Vref

θ are called Givens rotation matrix and Jacobi reflection matrix respec-
tively in the literature [37]. Previous research only considered {Vrot

θ } for solving symmetric linear
eigenvalue problems [14] and sparse PCA problems [36], while we use {Vref

θ , Vrot
θ } for solving

Problem (1). (ii) We show the necessity of using {Vref
θ , Vrot

θ } in the following two examples of
2× 2 optimization problems with orthogonality constraints: minV∈St(2,2) F (V) , ‖V −A‖2F, and
minV∈St(2,2) F (V) , ‖V −B‖2F + 5‖V‖1, where A = ( 1 0

−1 −1 ) and B = ( 1 0
1 2 ). The use of the

reflection matrix Vref
θ is essential in these examples because it results in lower objective values.

See Section C.1 in the Appendix for more details. The optimal solutions in these examples can be
identified using a clever breakpoint searching method, which is discussed later in Section 5.

3 Optimality Analysis
This section provides some optimality analysis for the proposed algorithm.

I Basis Representation of Orthogonal Matrices. The following theorem is used to characterize
any orthogonal matrix D ∈ St(n, n) and X ∈ St(n, r).
Theorem 3.1. (Proof in Appendix F.1, Basis Representation of Orthogonal Matrices) Assume k = 2.
For all i ∈ [Ckn], we define Wi , In + UBi(Vi − Ik)UT

Bi
= UBiViUT

Bi
+ UBc

i
UT
Bc

i
, where

Vi ∈ St(2, 2). We have: (a) Any matrix D ∈ St(n, n) can be expressed as D = WCk
n
...W2W1

using suitableWi (which depends on Vi). Furthermore, if ∀i, Vi = I2, then D = In. (b) Any matrix
X ∈ St(n, r) can be expressed as X =WCk

n
...W2W1X

0 using suitableWi and any fixed constant
matrix X0 ∈ St(n, r).

Remarks. (i) We use both Givens rotation and Jacobi reflection matrices to compute D ∈ St(n, n).
This is necessary since a reflection matrix cannot be represented through a sequence of rotations.
(ii) The result in Claim (b) of Theorem 3.1 indicates that the proposed update scheme X+ ⇐
X + UB(V − Ik)UT

B X as shown in Formula (4) can reach any orthogonal matrix X ∈ St(n, r) for
any starting solution X0 ∈ St(n, r).

I First-Order Optimality Conditions for Problem (1). We provide the first-order optimality
condition of Problem (1) [40, 6]. We define ∂F (X) = ∂(f + h)(X) = ∇f(X) + ∂h(X) as the
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limiting subdifferential of F (X), and extend this definition to introduce ∂MF (X) as the Riemannian
limiting subdifferential of F (X) at X.

Introducing a Lagrangian multiplier matrix Λ ∈ Rr×r for the orthogonality constraint, we define the
following Lagrangian function of Problem (1): L(X,Λ) = F (X) + 1

2 〈Ir −XTX,Λ〉. Notable, the
matrix Λ is symmetric, as XTX is symmetric. We state the following first-order optimality condition.

Lemma 3.2. Critical Point [40, 6]. A solution X̌ ∈ St(n, r) is a critical point of Problem (1)
if: 0 ∈ ∂MF (X̌) , ∂F (X̌) 	 (X̌[∂F (X̌)]TX̌), where (∂F (X̌) 	 X̌[∂F (X̌)]TX̌) , {E |E =
G− X̌GTX̌,G ∈ ∂F (X̌)}. Furthermore, Λ ∈ [∂F (X̌)]TX̌.

Remarks. The critical point condition using the Riemannian metric can be equivalently expressed
as [2, 18, 24]: 0 ∈ PTX̌M(∂F (X̌)). Here, TXM is the tangent space to M at X ∈ M with
TXM = {Y ∈ Rn×r |XTY + YTX = 0}.

I Optimality Conditions for the Subproblems. The Euclidean subdifferential of K̈(V; Xt, Bt)
w.r.t. V can be computed as follows: G̈(V) , ∆̈ + UT

B [∇f(Xt) + ∂h(Xt+1)](Xt)TUB, where
∆̈ = mat((Q+αIk)vec(V−Ik)), and Xt+1 = Xt+UB(V−Ik)UT

B Xt. Using Lemma 3.2, we set
the Riemannian subdifferential of K̈(V; Xt, Bt) w.r.t. V to zero and obtain the following first-order
optimality condition for V̄t: 0 ∈ ∂MK̈(V̄t; Xt, Bt) , G̈(V̄t)	 V̄tG̈(V̄t)TV̄t.

I Optimality Conditions and Their Hierarchy. We introduce the following new optimality condi-
tion of block-k stationary points.

Definition 3.3. (Global) Block-k Stationary Point, abbreviated as BSk-point. Let α > 0
and k ≥ 2. A solution Ẍ ∈ St(n, r) is called an block-k stationary point if: ∀B ∈
{Bi}

Ck
n

i=1, Ik ∈ arg minV∈St(k,k) K̈(V; Ẍ, B). Here, K̈(V; X, B) , 1
2‖V−Ik‖2Q+αI+h(VUT

B X)+

〈V, [∇f(X)(X)T]BB〉+ c̈, and c̈ = h(UT
BcX) + f(X)− 〈Ik, [∇f(X)(X)T]BB〉 is a constant.

Remarks. BSk-point states that if we globally minimize the majorization function K̈(V; Ẍ, B), there

is no possibility of improving the objective function value for K̈(V; Ẍ, B) across all B ∈ {Bi}
Ck

n
i=1.

The following theorem establishes the relation between BSk-points, standard critical points, and
global optimal points.

Theorem 3.4. (Proof in Appendix F.2) We establish the following relationships: (a)
{critical points X̌} ⊇ {BS2-points Ẍ}. (b) {BS2-points Ẍ} ⊇ {global optimal points X̄}. (c)
{BSk-points Ẍ} ⊇ {BSk+1-points Ẍ}, where k ∈ {2, 3, . . . , n− 1}. (d) Furthermore, the reverse
of these three inclusions may not always hold true.

Remarks. The optimality of BS2-points is stronger than that of standard critical points [40, 6, 2].

4 Convergence Analysis

This section presents the convergence analysis for the proposed OBCD algorithm.

We denote any point of the limit point set of OBCD (which is not necessarily a singleton) as Ẍ. For
the case where a random strategy is used to find the working set, OBCD generates a random output
(V̄t,Xt+1) with t = 0, 1, . . . ,∞ which depends on the observed realization of the random variable:
ξt , (B1, B2, B3, . . . , Bt).

4.1 Global Convergence
We define the ε-BSk-point as follows.

Definition 4.1. (ε-BSk-point) Given any constant ε > 0, a point Ẍ is called an ε-BSk-point if:
1

Ck
n

∑Ck
n

i=1 dist(Ik, arg minV K̈(V; X,Bi))2 ≤ ε, where K̈(·; ·, ·) is defined in Equation (10).

Theorem 4.2. (Proof in Appendix G.1, Subsequence Convergence) We define c̃ , 2
α · (F (X0)−

F (Ẍ)). We have: (a) The following sufficient decrease condition holds for all t ≥ 0: α
2 ‖X

t+1 −
Xt‖2F ≤ α

2 ‖V̄
t − Ik‖2F ≤ F (Xt) − F (Xt+1). (b) If the Bt is selected from {Bi}C

k
n

i=1 randomly
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and uniformly, OBCD finds an ε-BSk-point of Problem (1) in at most T iterations in the sense
of expectation, where T ≥ d c̃εe. (c) If the Bt is selected from {Bi}C

k
n

i=1 cyclically, OBCD finds an
ε-BSk-point of Problem (1) in at most T iterations deterministically, where T ≥ d c̃ε + Ckne.

4.2 Strong Convergence under KL Assumption

We prove that OBCD achieves strong convergence based on a non-convex analysis tool called
Kurdyka-Łojasiewicz inequality [3, 5, 24]. We assume that a random strategy is used to find the
working set.

Initially, we make the following additional assumptions.
Assumption 4.3. The function F ◦(X) = F (X) + IM(X) is a KL function.
Assumption 4.4. There exists positive constants lf and lh that: ∀X, ‖∇f(X)‖2 ≤ lf , ‖ξ‖2 ≤ lh
with ξ ∈ ∂h(X).

Remarks. Semi-algebraic functions are a class of functions that satisfy the KL property. These
functions are widely used in applications, and they include real polynomial functions, finite sums and
products of semi-algebraic functions, and indicator functions of semi-algebraic sets.

We present the following useful proposition.
Proposition 4.5. (Kurdyka-Łojasiewicz Property). For a KL function F ◦(X) with X ∈ dom F ◦,
there exists σ ∈ [0, 1), η ∈ (0,+∞], a neighborhood Υ of Ẍ, and a concave continuous function
ϕ(t) = ct1−σ, c > 0, t ∈ [0, η) such that for all X′ ∈ Υ and satisfies F ◦(X′) ∈ (F ◦(Ẍ), F ◦(Ẍ) +

η), the following inequality holds: dist(0, ∂F ◦(X′))ϕ′(F ◦(X′)− F ◦(Ẍ)) ≥ 1.

We present the following useful lemma.
Lemma 4.6. (Proof in Appendix G.2, Riemannian Subgradient Lower Bound for the Iterates
Gap) The Riemannian subdifferential of K̈(V; Xt, Bt) at the point V = Ik can be computed
as: ∂MK̈(Ik; Xt, Bt) = UT

Bt(D 	 DT)UBt , where D = [∇f(Xt) + ∂h(Xt)][Xt]T. It holds that:
Eξt+1 [dist(0, ∂MK̈(Ik; Xt+1, Bt+1))] ≤ φ · Eξt [‖V̄t − Ik‖F], where φ , 4(lf + lh + Lf ) + 2α.

Finally, we establish the following strong limit-point convergence results for OBCD.
Theorem 4.7. (Proof in Appendix G.3, A Finite Length Property). The sequence {Xt}∞t=0 has
finite length property that:

∑∞
t=1 Eξt [‖Xt+1−Xt‖F] ≤ C < +∞ with C , 2

√
k+ 4γφ

α ϕ(F (X1)−
F (Ẍ)). Here, γ , (Ckn/C

k−2
n−2)1/2, φ is defined in Lemma 4.6, and ϕ(·) is the desingularization

function defined in Proposition 4.5.

Remarks. Utilizing the Kurdyka-Łojasiewicz property, one can establish a finite-length property of
OBCD, a result considerably stronger than that of Theorem 4.2. Furthermore, by delving deeper into
the KL exponent, one can establish the convergence rate of OBCD [3, 5].

5 Solving the Subproblem when k = 2

This section presents a novel Breakpoint Searching Method (BSM) to find the global optimal solution
of Problem (11) when k = 2.

Initially, Problem (11) boils down to the following one-dimensional subproblem: minθ
1
2‖V‖

2
Q +

〈V,P〉 + h(VZ), s.t.V ∈ {Vrot
θ ,Vref

θ }, which can be further rewritten as: θ̄ ∈
arg minθ

1
2vec(V)TQvec(V) + 〈V,P〉 + h(VZ), s.t. V , (± cos(θ) sin(θ)

∓ sin(θ) cos(θ)
), where Q ∈ R4×4,

P ∈ R2×2, and Z ∈ R2×r. Given h(·) is coordinate-wise separable, we have the following equivalent
optimization problem:

min
θ
h (cos(θ)x + sin(θ)y) + a cos(θ) + b sin(θ) + c cos2(θ) + d cos(θ) sin(θ) + e sin2(θ), (12)

where a = P22±P11, b = P12∓P21, c = 0.5(Q11 +Q44)±Q14, d = −Q12±Q13∓Q24 +Q34,
e = 0.5(Q22 + Q33) ∓Q23, r = ±Z(1, :), s = Z(2, :), p = Z(2, :), u = ∓Z(1, :), x , [r; p] ∈
R2r×1, and y , [s; u] ∈ R2r×1.
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Our key strategy is to perform a variable substitution to convert Problem (12) into an equivalent
problem that depends on the variable tan(θ) , t. The substitution is based on the trigonometric
identities that cos(θ) = ±1/

√
1 + tan2(θ) and sin(θ) = ± tan(θ)/

√
1 + tan2(θ).

The following lemma provides a characterization of the global optimal solution for Problem (12).

Lemma 5.1. (Proof in Appendix H.1) We define F̆ (c̃, s̃) , ac̃+ bs̃+ cc̃2 + dc̃s̃+ es̃2 +h (c̃x + s̃y),
and w , c − e. The optimal solution θ̄ to (12) can be computed as: [cos(θ̄), sin(θ̄)] ∈
arg min[c,s] F̆ (c, s), s.t. [c, s] ∈ {[c1, s1], [c2, s2], [0, 1], [0,−1]}, where c1 , 1√

1+(t̄+)2
, s1 =

t̄+√
1+(t̄+)2

, c2 , −1√
1+(t̄−)2

, and s2 , −t̄−√
1+(t̄−)2

. Furthermore, t̄+ and t̄− are respectively de-

fined as:
t̄+ ∈ arg mint p(t) , a+bt√

1+t2
+ w+dt

1+t2 + h( x+ty√
1+t2

), (13)

t̄− ∈ arg mint p̃(t) , −a−bt√
1+t2

+ w+dt
1+t2 + h(−x−ty√

1+t2
). (14)

We describe our BSM to solve Problem (13); our approach can be naturally extended to tackle
Problem (14). BSM first identifies all the possible breakpoints / critical points Θ, and then picks the
solution that leads to the lowest value as the optimal solution t̄, i.e., t̄ ∈ arg mint p(t), s.t. t ∈ Θ.

We assume yi 6= 0. If this is not true and there exists yi = 0 for some i, then {xi,yi} can be removed
since it does not affect the minimizer of the problem.

We now show that how to find the breakpoint set Θ for h(x) = λ‖x‖0, where λ ≥ 0. We also provide
additional examples of BSM for other different h(x). Due to space limitation, we have included
them in Appendix B.

I Finding the Breakpoint Set for h(x) , λ‖x‖0
Since the function h(x) , λ‖x‖0 is scale-invariant and symmetric with ‖ ± tx‖0 = ‖x‖0 for all
t > 0, Problem (13) reduces to the following problem:

min
t
p(t) , a+bt√

1+t2
+ w+dt

1+t2 + λ‖x + ty‖0. (15)

Since the subgradient of the `0 norm function can be computed as ∂‖t‖0 = { {0}, t = 0;
∅, else. }, we

consider the following two cases. (i) We assume (x + ty)i = 0 for some i. Then the solution t̄ can
be determined using t̄ = xi

yi
. There are 2r breakpoints {x1

y1
, x2

y2
, ..., x2r

y2r
} for this case. (ii) We now

assume (x + ty)i 6= 0 for all i. Then λ‖x + ty‖0 = 2rλ becomes a constant. Setting the subgradient
of p(t) to zero yields: 0 = ∇p(t) = [b(1+t2)−(a+bt)t]·

√
1 + t2 ·t◦+[d(1+t2)−(w+dt)(2t)]·t◦,

where t◦ = (1 + t2)−2. Since t◦ > 0, we obtain: d(1 + t2) − (w + dt)2t = −(b − at) ·
√

1 + t2.
Squaring both sides, we obtain the following quartic equation: c4t4 + c3t

3 + c2t
2 + c1t+ c0 = 0 for

some suitable c4, c3, c2, c1 and c0. Solving this equation analytically using Lodovico Ferrari’s method
[41], we obtain all its real roots {t̄1, t̄2, ..., t̄j}with 1 ≤ j ≤ 4. There are at most 4 breakpoints for this
case. Therefore, Problem (15) contains at most 2r+4 breakpoints Θ = {x1

y1
, x2

y2
, ..., x2r

y2r
, t̄1, t̄2, ..., t̄j}.

6 Experiments

This section demonstrates the effectiveness and efficiency of OBCD in Algorithm 2.

We describe the application of L0 norm-based Sparse PCA (SPCA) in the sequel. Additionally, we
utilize OBCD for solving nonnegative PCA and `1 norm-based SPCA (refer to Appendix J).

I Application to L0 Norm-based SPCA. L0 norm-based Sparse PCA (SPCA) is a method that
uses `0 norm to produce modified principal components with sparse loadings, which helps reduce
model complexity and increase model interpretability [9, 7]. It can be formulated as:

min
X∈St(n,r)

− 1
2 〈X,CX〉+ λ‖X‖0, (16)

where C = ATA ∈ Rn×n is the covariance of the data matrix A ∈ Rm×n and λ > 0.

I Data Sets. To generate the data matrix A, we consider 10 publicly available real-world or random
data sets: ‘w1a’, ‘TDT2’, ‘20News’, ‘sector’, ‘E2006’, ‘MNIST’, ‘Gisette’, ‘Caltech’, ‘Cifar’, ‘randn’.
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data-m-n Fmin
LADMM SPM LADMM SPM OBCD-R

(id) (id) (rnd) (rnd) (id)
r = 20, λ = 10.00, time limit=30

w1a-2477-300 -5.2e+03 1.92e+03 4.55e+03 3.30e+02 8.05e+02 0.00e+00
TDT2-500-1000 2.0e+02 3.74e+00 3.74e+00 1.10e+02 2.70e+02 0.00e+00

20News-8000-1000 2.0e+02 1.66e+00 1.66e+00 1.73e+03 1.40e+02 0.00e+00
sector-6412-1000 1.6e+02 4.17e+01 4.17e+01 1.09e+02 5.95e+01 0.00e+00
E2006-2000-1000 2.0e+02 6.38e-01 6.38e-01 1.15e+03 5.00e+02 0.00e+00
MNIST-60000-784 -3.1e+05 2.01e+04 3.13e+05 0.00e+00 2.08e+03 6.22e+04
Gisette-3000-1000 -1.0e+06 4.77e+03 7.25e+03 1.29e+04 0.00e+00 6.60e+04
Caltech-3000-1000 -4.8e+02 1.05e+03 3.22e+02 1.45e+03 2.68e+02 0.00e+00

Cifar-1000-1000 -1.2e+05 1.93e+03 0.00e+00 1.30e+04 6.66e+03 1.47e+04
randn-500-1000 -6.3e+03 1.10e+03 9.78e+02 8.96e+02 1.29e+03 0.00e+00

data-m-n Fmin
LADMM SPM LADMM SPM OBCD-R

(id) (id) (rnd) (rnd) (id)
r = 20, λ = 1000.00, time limit=30

w1a-2477-300 1.5e+04 2.60e+03 3.90e+03 1.48e+03 8.02e+03 0.00e+00
TDT2-500-1000 2.0e+04 4.00e+03 6.71e-01 2.00e+03 7.00e+03 0.00e+00

20News-8000-1000 2.0e+04 3.00e+03 3.00e+03 5.00e+03 6.00e+03 0.00e+00
sector-6412-1000 2.0e+04 1.01e+03 3.00e+03 1.02e+03 1.30e+04 0.00e+00
E2006-2000-1000 2.0e+04 2.00e+03 1.16e-01 4.00e+03 1.20e+04 0.00e+00
MNIST-60000-784 -6.7e+04 6.44e+04 8.74e+04 2.91e+03 4.36e+04 0.00e+00
Gisette-3000-1000 -2.2e+05 7.03e+05 2.22e+05 1.00e+05 7.19e+04 0.00e+00
Caltech-3000-1000 1.9e+04 9.09e+03 3.09e+04 2.40e+04 3.09e+04 0.00e+00

Cifar-1000-1000 1.6e+04 1.81e+04 1.09e+03 4.44e+04 6.48e+04 0.00e+00
randn-500-1000 1.4e+04 2.53e+04 5.81e+04 2.22e+04 4.92e+04 0.00e+00

Table 1: Comparisons of relative objective values (F (X)− Fmin) for L0 norm-based SPCA across
all the compared methods. The 1st, 2nd, and 3rd best results are colored with red, green and blue,
respectively.
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Figure 1: The convergence curve of the compared methods for solving L0 norm-based SPCA with
λ = 100.

We randomly select a subset of examples from the original data set. The size of A ∈ Rm×n are
are chosen from the following set (m,n)∈{(2477, 300), (500, 1000), (8000, 1000), (6412, 1000),
(2000, 1000), (60000, 784), (3000, 1000), (1000, 1000), (500, 1000)}.
I Implementations. All methods are implemented in MATLAB on an Intel 2.6 GHz CPU with 32
GB RAM. However, our breakpoint searching procedure is developed in C++ and wrapped into the
MATLAB code, because it requires element-wise loops that are less efficient in native MATLAB. We
set α = 10−5 for OBCD. Some MATLAB code can be found in the supplemental material.

I Experiment Settings. We compare objective values (F (X)− Fmin) for different methods after
running for 30 seconds, where Fmin represents the smallest objective among all methods. We compare
with two existing operator splitting methods: Linearized ADMM (LADMM) [22, 15] and Smoothing
Penalty Method (SPM) [22, 8], initialized differently with random and identity matrices, resulting
in four variants: LADMM(id), SPM(id), LADMM(rnd), and SPM(rnd). We use a random strategy
to find the working set for OBCD, initializing it with the identity matrix, resulting in OBCD-R(id).
For numerical stability in reporting the objectives, we use the count of elements with absolute values
greater than a threshold of 10−6 instead of the original `0 norm function ‖X‖0.

I Experiment Results. Table 1 and Figure 1 display accuracy and computational efficiency results
for L0 norm-based SPCA, yielding the following observations: (i) OBCD-R generally delivers the
best performance. (ii) Unlike other methods where objectives fluctuate during iterations, OBCD-R
monotonically decreases the objective function while maintaining the orthogonality constraint. (iii)
While other methods often get stuck in poor local minima, OBCD-R escapes from such minima and
generally finds lower objectives, aligning with our theory that our methods locate stronger stationary
points.

7 Conclusions
We propose a block coordinate descent method for solving nonsmooth composite optimization under
orthogonality constraints. Our method offers several advantages, including: (i) It operates on k rows
of the solution matrix with lower computational complexity per iteration. (ii) It can handle general
nonsmooth composite problems. (iii) It is a feasible approach. (iv) It guarantees strong convergence
under suitable conditions. (v) It converges better local solutions than previous methods that focus on
identifying critical points. Additionally, we present two extensions of our method, which include
effective methods for solving the subproblems when k = 2, and novel greedy strategies for working
set selection. Extensive experiments have shown that our method exhibits superior performance
compared to other existing methods.
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Appendix
The appendix section is organized as follows.

Section A covers notations, technical preliminaries, and relevant lemmas.

Section B presents additional examples of breakpoint searching methods.

Section C offers further discussions on the proposed algorithm.

Section D introduces greedy strategies for working set selection.

Section E contains proofs from Section 2.

Section F contains proofs from Section 3.

Section G contains proofs from Section 4.

Section H contains proofs from Section 5.

Section I contains proofs from Section D.

Section J showcases additional experiments.

A Notations, Technical Preliminaries, and Relevant Lemmas

A.1 Notations

Throughout this paper,M , St(n, r) denotes the Stiefel manifold, which is an embedded submani-
fold of the Euclidean space Rn×r. Boldfaced lowercase letters denote vectors and uppercase letters
denote real-valued matrices. We adopt the Matlab colon notation to denote indices that describe
submatrices. For given natual numbers n and k, we use {B1,B2, ...,BCk

n
} to denote all the possible

combinations of the index vectors choosing k items from n without repetition, where Ckn is the
total number of such combinations and Bi ∈ Nk, ∀i ∈ [Ckn]. For any one-dimensional function
p(t) : R 7→ R, we define: p(±x∓ y) , min{p(x− y), p(−x+ y)}. We use the following notations
in this paper.

• [n]: {1, 2, ..., n}
• ‖x‖: Euclidean norm: ‖x‖ = ‖x‖2 =

√
〈x,x〉

• xi: the i-th element of vector x

• Xi,j or Xij : the (ith, jth) element of matrix X

• vec(X) : vec(X) ∈ Rnr×1, the vector formed by stacking the column vectors of X

• mat(x) : mat(x) ∈ Rn×r, Convert x ∈ Rnr×1 into a matrix with mat(vec(X)) = X

• XT : the transpose of the matrix X

• sign(t) : the signum function, sign(t) = 1 if t ≥ 0 and sign(t) = −1 otherwise
• det(D) : Determinant of a square matrix D ∈ Rn×n

• Ckn : the number of possible combinations choosing k items from n without repetition
• 0n,r : A zero matrix of size n× r; the subscript is omitted sometimes
• Ir : Ir ∈ Rr×r, Identity matrix
• X � 0(or � 0) : the Matrix X is symmetric positive semidefinite (or definite)
• tr(A) : Sum of the elements on the main diagonal X: tr(A) =

∑
i Ai,i

• 〈X,Y〉 : Euclidean inner product, i.e., 〈X,Y〉 =
∑
ij XijYij

• X⊗Y : Kronecker product of X and Y

• ‖X‖ : Operator/Spectral norm: the largest singular value of X

• ‖X‖F : Frobenius norm: (
∑
ij X2

ij)
1/2

• ∇f(X) : Euclidean gradient of f(X) at X

• ∇Mf(X) : Riemannian gradient of f(X) at X
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• ∂F (X) : limiting Euclidean subdifferential of F (X) at X

• ∂MF (X) : limiting Riemannian subdifferential of F (X) at X

• IΞ(X) : the indicator function of a set Ξ with IΞ(X) = 0 if X ∈ Ξ and otherwise +∞
• PΞ(Z) : Orthogonal projection of Z with PΞ(Z) = arg minX∈Ξ ‖Z−X‖2F
• PM(Y) : Nearest orthogonal matrix of Y with PM(Y) = arg minXTX=Ir ‖X−Y‖2F
• dist(Ξ,Ξ′) : the distance between two sets with dist(Ξ,Ξ′) , infX∈Ξ,X′∈Ξ′ ‖X−X′‖F
• I≥0(X): indicator function of non-negativity constraint with I≥0(X) = { 0, X ≥ 0;

∞, else. }
• ‖X‖0: the number of non-zero elements in the matrix X

• ‖X‖1: the absolute sum of the elements in the matrix X with ‖X‖1 =
∑
i,j |X|i,j

• A + B, A− B: standard Minkowski addition and subtraction between sets A and B
• A⊕ B, A	 B: element-wise addition and subtraction between sets A and B
• ‖∂F (X)‖F: the distance from the origin 0 to the boundary of the set ∂F (X) with ‖∂F (X)‖F =

infY∈∂F (X) ‖Y‖F = dist(0, ∂F (X))

A.2 Technical Preliminaries

As the function F (·) can be non-convex and non-smooth, we introduce some tools in non-smooth
analysis [31, 35]. The domain of any extended real-valued function F : Rn×r → (−∞,+∞]

is defined as dom(F ) , {X ∈ Rn×r : |F (X)| < +∞}. The Fréchet subdifferential of F at
X ∈ dom(F ) is defined as ∂̂F (X) , {ξ ∈ Rn×r : limZ→X infZ6=X

F (Z)−F (X)−〈ξ,Z−X〉
‖Z−X‖F ≥ 0},

while the limiting subdifferential of F (X) at X ∈ dom(F ) is denoted as ∂F (X) , {ξ ∈ Rn :

∃Xt → X, F (Xt) → F (X), ξt ∈ ∂̂F (Xt) → ξ,∀t}. We denote ∇F (X) as the gradient of
F (·) at X in the Euclidean space. We have the following relation between ∂̂F (X), ∂F (X), and
∇F (X). (i) It holds that ∂̂F (X) ⊆ ∂F (X). (ii) If the function F (·) is convex, ∂F (X) and
∂̂F (X) essentially the classical subdifferential for convex functions, i.e., ∂F (X) = ∂̂F (X) = {ξ ∈
Rn×r : F (Z) ≥ F (X) + 〈ξ,Z−X〉,∀Z ∈ Rn×r}. (iii) If the function F (·) is differentiable, then
∂̂F (X) = ∂F (X) = {∇F (X)}.
We need some prerequisite knowledge in optimization with orthogonality constraints [2]. The
nearest orthogonality matrix to an arbitrary matrix Y ∈ Rn×r is given by PM(Y) = ÛV̂T, where
Y = ÛDiag(s)V̂T is the singular value decomposition of Y. We use NM(X) to denote the
limiting normal cone to M at X, leading to NM(X) = ∂IM(X) = {Z ∈ Rn×r : 〈Z,X〉 ≥
〈Z,Y〉, ∀Y ∈M}. The tangent and norm space toM at X ∈M are denoted as TXM and NXM,
respectively. For a given X ∈ M, we let AX(Y) , XTY + YTX for Y ∈ Rn×r, and we have
TXM = {Y ∈ Rn×r|AX(Y) = 0} and NXM = 2XΛ |Λ = ΛT,Λ ∈ Rr×r}. For any non-
convex and non-smooth function F (X), we use ∂MF (X) to denote the limiting Riemannian gradient
of F (X) at X, and obtain ∂MF (X) = PTXM(∂F (X)). We denote ∂F (X) 	X[∂F (X)]TX ,
{E |E = G−XGTX,G ∈ ∂F (X)}.

A.3 Relevant Lemmas

We offer nine useful lemmas, each of which stands independently of context and specific methodology.

Lemma A.1. Let k ≥ 2 and W ∈ Rn×n. If 0k,k = UT
B WUB for all B ∈ {Bi}

Ck
n

i=1, then W = 0.
Here, the set {B1,B2, ...,BCk

n
} represents all possible combinations of the index vectors choosing k

items from n without repetition.

Proof. This result is based on elementary deductions. Notably, the conclusion of this lemma does
not necessarily hold if |B| = k = 1. This is because any matrix W ∈ Rn×n with Wii = 0 for all
i ∈ [n] satisfies the condition of this lemma but is not necessary a zero matrix.

Lemma A.2. For any matrices A ∈ Rk×k and C ∈ Rk×k, we have: ‖A−AT‖F ≤ 2‖A−C‖F +
‖C−CT‖F.
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Proof. We derive: ‖A−AT‖F = ‖(A−C) + (C−CT) + (CT −AT)‖F
¬
≤ ‖A−C‖F + ‖C−

CT‖F + ‖CT −AT‖F = 2‖A−C‖F + ‖C−CT‖F, where step ¬ uses the triangle inequality.

Lemma A.3. Let τ ∈ R, and A ∈ R2×2 be any skey-symmetric matrix with AT = −A. The matrix
Q = [(I2 + τ

2 A)−1(Ik − τ
2 A)] is always a rotation matrix with det(Q) = 1.

Proof. Since A is a two-dimensional matrix, it can be expressed in the form: A = ( 0 a
−a 0 ) for some

a ∈ R. Letting b = τ
2a, we derive:

Q = (I2 + τ
2 A)−1(Ik − τ

2 A)
¬
=
(

1 b
−b 1

)−1 ( 1 −b
b 1

) ­
= 1

1+b2

(
1 −b
b 1

) (
1 −b
b 1

)
= 1

1+b2

(
1−b2 −2b

2b 1−b2

)
,

where step ¬ uses τ
2 A = ( 0 b

−b 0 ); step ­ uses the fact that ( a bc d )−1 = 1
ad−bc

(
d −b
−c a

)−1
for all

a, b, c, d ∈ R. We further obtain: det(Q)
¬
= 1−b2

1+b2 ·
1−b2
1+b2 −

2b
1+b2 ·

−2b
1+b2 = (1−b2)2+4b2

(1+b2)2 = (1+b2)2

(1+b2)2 = 1,
where step ¬ uses the fact that det( a bc d ) = ad− bc for all a, b, c, d ∈ R.

Lemma A.4. For any W ∈ Rn×n, we have
∑Ck

n
i=1 ‖W(Bi,Bi)‖2F = Ck−2

n−2

∑
i

∑
j,j 6=i W

2
ij +

k
nCkn

∑
i W

2
ii. Here, the set {B1,B2, ...,BCk

n
} represents all possible combinations of the index

vectors choosing k items from n without repetition.

Proof. For any matrix W ∈ Rn×n, we define: w , diag(W) ∈ Rn, and W′ , W −Diag(w).

We have: W = Diag(w) + W′, this leads to the following decomposition:∑Ck
n

i=1 ‖UT
Bi

WUBi‖2F =
∑Ck

n
i=1 ‖UT

Bi
(Diag(w) + W′)UBi‖2F

=
∑Ck

n
i=1 ‖UT

Bi
Diag(w)UBi‖2F︸ ︷︷ ︸
Γ1

+
∑Ck

n
i=1 ‖UT

Bi
W′UBi‖2F︸ ︷︷ ︸

Γ2

. (17)

We first focus on the term Γ1. We have:

Γ1 =
∑Ck

n
i=1 ‖UT

Bi
Diag(w)UBi

‖2F
¬
=
∑Ck

n
i=1 ‖wBi

‖22
­
= Ckn · kn · ‖w‖

2
2 = Ckn · kn ·

∑
i W

2
ii, (18)

where step ¬ uses the fact that ‖BTDiag(w)B‖2F = ‖[Diag(w)]BB‖2F = ‖wB‖22 for any B ∈ {Bi}C
k
n

i=1 ;

step ­ uses the observation that wi appears in the term
∑Ck

n
i=1 ‖wBi

‖22 a total of (Ckn · kn ) times,
which can be deduced using basic induction.

We now focus on the term Γ2. Noticing that W′
ii = 0 for all i ∈ [n], we have:

Γ2 =
∑Ck

n
i=1 ‖UT

Bi
W′UBi

‖2F
¬
=
∑
i

∑
j 6=i[C

k−2
n−2(W′

ij)
2]

­
= Ck−2

n−2

∑
i

∑
j,j 6=i(Wij)

2, (19)

where step ¬ uses the fact that the term
∑Ck

n
i=1 ‖UT

Bi
W′UBi

‖2F comprises Ck−2
n−2 distinct patterns,

each including {i, j} with i 6= j; step ­ uses
∑
i,j 6=i(Wij)

2 =
∑
i,j 6=i(W

′
ij)

2.

In view of Equalities (17), (18), and (19), we complete the proof of this lemma.

Lemma A.5. Assume QR = X ∈ Rn×n, where Q ∈ St(n, n) and R is a lower triangular matrix
with Ri,j = 0 for all i < j. If X ∈ St(n, n), then R is a diagonal matrix with Ri,i ∈ {−1,+1} for
all i ∈ [n].

Proof. We derive: RRT ¬
= (QX)(QX)T = QXXTQT ­

= I, where step ¬ uses R = QTX; step
­ uses X ∈ St(n, n) and Q ∈ St(n, n). First, given ‖R(1, :)‖ = 1 and R(1, 2 : n) = 0, we have
R1,1 ∈ {−1,+1}. Second, we have ‖R(2, :)‖ = 1 and R(1, :)TR(:, 2) = 0, leading to R1,2 = 0
and R2,2 ∈ {−1,+1}. Finally, using similar recursive strategy, we conclude that R is a diagonal
matrix with Ri,i ∈ {−1,+1} for all i ∈ [n].
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Lemma A.6. We define TXM , {Y ∈ Rn×r | AX(Y) = 0} and AX(Y) , XTY + YTX. For
any G ∈ Rn×r and X ∈ St(n, k), we have: (G− 1

2XAX(G)) = arg minY∈TXM ‖Y −G‖2F.

Proof. The conclusion of this lemma can be found in [2]. For completeness, we present the proof.

We focus on the convex problem: Ȳ = arg minY∈TXM ‖Y − G‖2F = arg minY ‖Y −
G‖2F, s.t.XTY + YTX = 0. Introducing a multiplier Λ ∈ Rr×r for the linear constraints XTY +

YTX = 0, we have following Lagrangian function: L̃(Y; Λ) = ‖Y −G‖2F + 〈XTY + YTX,Λ〉.
We derive the subsequent first-order optimality condition: 2(Y − G) + X(Λ + ΛT) = 0, and
XTY + YTX = 0.

Given Λ is symmetric, we have Y = G−XΛ. Incorporating this result into XTY + YTX = 0, we
obtain: XT(G−XΛ)+(G−XΛ)TX = 0. Given X ∈ St(n, r), we have XTG−Λ+GTX−ΛT =
0, leading to: Λ = 1

2 (XTG + GTX). Therefore, the optimal solution Ȳ can be computed as
Ȳ = G−XΛ = G− 1

2X(XTG + GTX).

Lemma A.7. Consider the following problem: minX F ◦(X) , F (X) + IM(X), where F (X) is
defined in Equation (1). For any X ∈ St(n, r), it holds that dist(0, ∂F ◦(X)) ≤ dist(0, ∂MF (X)) .

Proof. We let G ∈ ∂F (X) and define AX(G) , XTG + GTX.

Recall that the following first-order optimality conditions are equivalent for all X ∈ St(n, r):
(0 ∈ ∂F ◦(X))⇔ (0 ∈ PTXM(∂F (X))). Therefore, we derive the following results:

dist(0, ∂F ◦(X)) = infY∈∂F◦(X) ‖Y‖F = infY∈P(TXM)(∂F (X)) ‖Y‖F
¬
= ‖P(TXM)(G)‖F
­
= ‖G− 1

2XAX(G)‖F
®
= ‖G− 1

2X(XTG + GTX)‖F
¯
= ‖(I− 1

2XXT)(G−XGTX)‖F
°
≤ ‖G−XGTX‖F,

where step ¬ uses G ∈ ∂F (X); step ­ uses Lemma A.6; step ® uses the definition of AX(G); step
¯ uses the identity that G− 1

2X(XTG + GTX) = (I− 1
2XXT)(G−XGTX); step ° uses the

norm inequality and fact that the matrix I− 1
2XXT only contains eigenvalues that are 1

2 or 1.

Lemma A.8. Assume cos(θ) 6= 0. Any pair of trigonometric functions (cos(θ), sin(θ)) can be
represented as follows:

a) cos(θ) = 1√
1+tan2(θ)

, and sin(θ) = tan(θ)√
1+tan2(θ)

.

b) cos(θ) = −1√
1+tan2(θ)

, and sin(θ) = − tan(θ)√
1+tan2(θ)

.

Proof. For all values of θ where cos(θ) 6= 0, the trigonometric functions {sin(θ), cos(θ), tan(θ)}
are well-defined. Utilizing the identity sin2(θ) + cos2(θ) = 1 and tan(θ) cos(θ) = sin(θ), we derive:
(tan(θ) · cos(θ))2 + cos2(θ) = 1. Consequently, we find: cos(θ) = ±1√

tan2(θ)+1
. Finally, we can

express sin(θ) as sin(θ) = tan(θ) · cos(θ) = tan(θ)√
tan2(θ)+1

.

Lemma A.9. Let A ∈ R and B ∈ R. The minimizer of the following one-dimensional problem:

θ̄ ∈ arg min
θ
h(θ) = A cos(θ) +B sin(θ) (20)

will be achieved at θ̄, where cos(θ̄) = − A√
A2+B2

, sin(θ̄) = − B√
A2+B2

, and h(θ̄) = −
√
A2 +B2.
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Proof. Initially, we consider the special case when cos(θ) = 0 or A = 0. Problem (20) reduces to:

θ̄ ∈ arg min
θ
h(θ) = B sin(θ).

Clearly, we have: sin(θ̄) = − B
|B| , cos(θ̄) = 0, and h(θ̄) = −|B|. The conclusion of this lemma

holds.

We now assume that A 6= 0 and cos(θ) 6= 0 for all θ. Using the fact that tan(θ) = sin(θ)
cos(θ) and

cos(θ)2 + sin(θ)2 = 1, we have the following two cases for cos(θ) and sin(θ):

a) cos(θ) = 1√
1+tan2(θ)

, and sin(θ) = tan(θ)√
1+tan2(θ)

b) cos(θ) = −1√
1+tan2(θ)

, and sin(θ) = − tan(θ)√
1+tan2(θ)

.

Therefore, Problem (20) reduces to the following equivalent minimization problem:

θ̄ ∈ arg min
θ

±A±tan(θ)B√
1+tan2(θ)

.

Using the variable substitution that tan(θ) = t, we have the following equivalent problem:

t̄ ∈ arg min
t
h(t) , ±(A+Bt)√

1+t2
.

For any optimal solution t̄, we have the following necessary first-order optimality condition:

0 ∈ ∂h(t̄) = ±B
√

1+t̄2∓(A+Bt̄)·(1+t̄2)−1/2 t̄
1+t̄2

⇒ 0 ∈ ±B
√

1 + t̄2 ∓ (A+Bt̄)t̄√
1+t̄2

⇒ B
√

1 + t̄2 = (A+Bt̄)t̄√
1+t̄2

⇒ t̄ = B
A

Therefore, we have: t̄ = B
A = tan(θ̄). The optimal solution pair [cos(θ̄), sin(θ̄)] for Problem (20)

can be computed as one of the following two cases:
a) cos(θ̄) = A√

A2+B2
, and sin(θ̄) = B√

A2+B2
.

b) cos(θ̄) = −A√
A2+B2

, and sin(θ̄) = −B√
A2+B2

.

In view of the original problem θ̄ = arg minθ h(θ) = A cos(θ) + B sin(θ), we conclude that
cos(θ̄) = −A√

A2+B2
, and sin(θ̄) = −B√

A2+B2
.

B Additional Examples of the Breakpoint Searching Method

In this section, we provide additional examples of BSM for other different h(x).

I Finding the Breakpoint Set for h(x) , λ‖x‖1
Since the function h(x) , λ‖x‖1 is symmetric, Problem (13) reduces to the following problem:

min
t
p(t) , a+bt√

1+t2
+ w+dt

1+t2 + λ‖x+ty‖1√
1+t2

. (21)

Setting the subgradient of p(·) to zero yields: 0 = ∂p(t) = t◦[d(1 + t2)− (w + dt)2t+ (b− at) ·√
1 + t2] + t◦λ ·

√
1 + t2 · [〈sign(x + ty),y〉(1 + t2)− ‖x + ty‖1t], where t◦ = (1 + t2)−2. We

consider the following two cases. (i) We assume (x + ty)i = 0 for some i. Then the solution t̄ can
be determined using t̄ = xi

yi
. There are 2r breakpoints {x1

y1
, x2

y2
, ..., x2r

y2r
} for this case. (ii) We now

assume (x + ty)i 6= 0 for all i. We define z , {+x1

y1
,−x1

y1
,+x2

y2
,−x2

y2
, ...,+x2r

y2r
,−x2r

y2r
} ∈ R4r×1,

and sort z in non-descending order. The domain p(t) can be divided into (4r + 1) non-overlapping
intervals: (−∞, z1), (z1, z2), ..., (z4r,+∞). In each interval, sign(x + ty) , o can be determined.
Combining with the fact that t◦ > 0 and ‖x+ ty‖1 = 〈o,x+ ty〉, the first-order optimality condition
reduces to: 0 = [d(1+t2)−(w+dt)2t+(b−at)·

√
1 + t2]+λ·

√
1 + t2 ·[〈o,y〉(1+t2)−〈o,x+ty〉t],

which can be simplified as: (at−b)·
√

1 + t2−λ·
√

1 + t2·[〈o,y−tx〉] = [d(1+t2)−(w+dt)2t]. We
square both sides and then solve the quartic equation. We obtain obtain all its real roots {t̄1, t̄2, ..., t̄j}
with 1 ≤ j ≤ 4. Therefore, Problem (21) contains at most 2r + (4r + 1)× 4 breakpoints.
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I Finding the Breakpoint Set for h(x) , I≥0(x)

Since the function h(x) , I≥0(x) is scale-invariant, Problem (13) reduces to the following problem:

min
t
p(t) , a+bt√

1+t2
+ w+dt

1+t2 , s.t.x + ty ≥ 0. (22)

We define I , {i|yi > 0} and J , {i|yi < 0}. Note that x + ty ≥ 0 ⇔ −xI

yI
≤ t, t ≤ −xJ

yJ
⇔

lb , max(−xI

yI
) ≤ t ≤ min(−xJ

yJ
) , ub. When lb > ub, we can directly conclude that the problem

has no solution for this case. Now we assume ub ≥ lb and define P (t) , min(ub,max(t, lb)).
We omit the bound constraint and set the gradient of p(t) to zero, which yields: 0 = ∇p(t) =

[b(1 + t2)− (a+ bt)t] ·
√

1 + t2 · t◦ + [d(1 + t2)− (w + dt)(2t)] · t◦, where t◦ = (1 + t2)−2. We
obtain all its real roots {t̄1, t̄2, ..., t̄j} with 1 ≤ j ≤ 4 after squaring both sides and solving the quartic
equation. Combining with the bound constraint, we conclude that Problem (22) contains at most
(4 + 2) breakpoints {P (t̄1), P (t̄2), ..., P (t̄j), lb, ub} with 1 ≤ j ≤ 4.

C Additional Discussions

This section encompasses various discussions, covering topics such as: (i) two simple examples of
2 × 2 optimization problems, (ii) the computation of the matrix Q, (iii) a complexity comparison
with full gradient methods, (iv) an extension to the Jacobi update scheme, and (v) the subdifferential
of the cardinality function.

C.1 Two Simple Examples of 2× 2 Optimization Problems

To demonstrate the strong optimality of BS2-points and the advantages of the proposed method, we
examine the following simple examples of 2× 2 optimization problems mentioned in the paper:

minV∈St(2,2) F (V) , ‖V −A‖2F, with A = ( 1 0
−1 −1 ). (23)

minV∈St(2,2) F (V) , ‖V −B‖2F + 5‖V‖1, with B = ( 1 0
1 2 ). (24)

We provide geometric visualizations of Problems (23) and (24) using the relation
minθ min(F (Vrot

θ ), F (Vref
θ )) = minV∈St(2,2) F (V). The two objective functions in Figure 2

exhibit periodicity with a period of 2π. Within the interval [0, 2π), each of them contains one unique
BS2-point, while the two respective examples contain 4 and 8 critical points. Therefore, the optimality
condition of BS2-points might be much stronger than that of critical points.

We briefly analyze existing methods that find the critical point of Problem (23), demonstrating how
they may lead to suboptimal results in this specific instance of Problem (23). We illustrate this with
the notable feasible method based on the Cayley transformation [40]. According to Equation (7)
from [40], the update rule is defined as: Xt+1 ⇐ QXt, where Q , [(I2 + τ

2 A)−1(I2− τ
2 A)]. Here,

τ ∈ R, and Q ∈ R2×2 is a suitable skew-symmetric matrix. Lemma A.3 shows that the matrix Q
consistently functions as a rotation matrix. Consequently, if X0 is initialized as a rotation matrix, the
resulting solution Xt+1 will remain confined to this rotation matrix for all t.

C.2 Computing the Matrix Q

Computing the matrix Q ∈ Rk2×k2

as in (8) can be a challenging task because it involves the matrix
H ∈ Rnr×nr. However, in practice, H often has some special structure that enables fast matrix
computation. For example, H might take a diagonal matrix that is equal to LInr for some L ≥ 0 or
has a Kronecker structure where H = H1⊗H2 for some H1 ∈ Rr×r and H2 ∈ Rn×n. The lemmas
provided below demonstrate how to compute the matrix Q.
Lemma C.1. Assume (8) is used to find Q. (a) If H = H1 ⊗H2, we have: Q = Q1 ⊗Q2, where
Q1 = ZH1Z

T ∈ Rk×k and Q2 = UT
B H2UB ∈ Rk×k. (b) If H = LInr, we have Q = (LZZT)⊗Ik.

Proof. Recall that for any matrices Ā, B̄, C̄, D̄ of suitable dimensions, we have the following
equality: (Ā⊗ B̄)(C̄⊗ D̄) = (ĀC̄)⊗ (B̄D̄).

(a) If H = H1⊗H2, we derive: Q , (ZT⊗UB)
TH(ZT⊗UB) = (ZT⊗UB)

T(H1⊗H2)(ZT⊗UB) =
(ZT ⊗UB)

T[(H1Z
T)⊗ (H2UB)] = (ZH1Z

T)⊗ (UT
B H2UB) = Q1 ⊗Q2.
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Figure 2: Geometric Visualizations of Two Examples of 2× 2 Optimization Problems with Orthogo-
nality Constraints with A = ( 1 0

−1 −1 ) and B = ( 1 0
1 2 ).

(b) If H = LInr, we have: Q , (ZT⊗UB)
TH(ZT⊗UB) = L(ZT⊗UB)

T(ZT⊗UB) = L(ZZT)⊗Ik.

Lemma C.2. Assume (9) is used to find Q. (a) If H = H1 ⊗H2, we have Q = ‖Q1‖ · ‖Q2‖ · I,
where Q1 and Q2 are defined in Lemma C.1. (b) If H = LInr, we have Q = L‖Z‖2 · I.

Proof. (a) Using the results in Claim (a) of Lemma C.1, we have: (ZT ⊗ UB)
TH(ZT ⊗ UB) =

Q1 ⊗Q2 � ‖Q1‖ · ‖Q2‖ · I.

(b) Using the results in Claim (b) of Lemma C.1, we have: (ZT⊗UB)
TH(ZT⊗UB) = LZZT⊗Ik �

L‖Z‖22 · I.

C.3 A Computational Complexity Comparison with Full Gradient Methods

We present a computational complexity comparison with full gradient methods using the linear
eigenvalue problem: minX F (X) , 1

2 〈X,CX〉, s.t. XTX = Ir, where C ∈ Rn×n is given.

We first examine full gradient methods such as the Riemannian gradient method [18, 24]. The
computation of the Riemannian gradient ∇MF (X) = CX − X[CX]TX requires O(n2r) time,
while the retraction step using SVD, QR, or polar decomposition demands O(nr2). Consequently,
the overall complexity for Riemannian gradient method is N1 ×O(n2r), where N1 is the number of
iterations required for convergence.

We now consider the proposed OBCD method where the matrix Q is chosen to be a diagonal
matrix as in Equality (9). (i) We adopt an incremental update strategy for computing the Euclidean
gradient ∇F (X) = CX, maintaining the relationship Yt = CXt for all t. The initialization
Y0 = CX0 occurs only once. When Xt is updated via a k-row change, resulting in Xt+1 = Xt +
UB(V− I)UT

B Xt, we efficiently reconstruct CXt+1 by updating Yt+1 = Yt + CUB(V− I)UT
B Xt

in O(nr) time. (ii) Computing the matrix P as shown in (11) involves matrix multiplication between
matrices [∇f(Xt)]B: ∈ Rk×r and [[Xt]B:]

T ∈ Rr×k, which can be done in O(rk2). (iii) Solving
the subproblem using small-size SVD takes O(k3) time. Thus, the total complexity for OBCD is
N2 ×O(nr + rk2 + k3), with N2 denoting the number of OBCD iterations.

C.4 An Extension to the Jocobi Update Scheme

The proposed OBCD algorithm can be extended to incorporate the Jacobi update scheme.

Assume that n is an even number, and k = 2. As mentioned in Lemma 2.3, when (9) is used to find
Q, the subproblem in Equation (10) reduces to:

min
V∈St(2,2)

〈V, (∇f(Xt)[Xt]T)BB〉+ h(VUBX
t). (25)

One can independently solve (n/2) subproblems, each formulated as follows:
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minV∈St(2,2)〈V, (∇f(Xt)[Xt]T)BB〉+ h(VUBX
t) with B = [1, 2].

minV∈St(2,2)〈V, (∇f(Xt)[Xt]T)BB〉+ h(VUBX
t) with B = [3, 4].

. . .

minV∈St(2,2)〈V, (∇f(Xt)[Xt]T)BB〉+ h(VUBX
t) with B = [n− 1, n].

This approach, known as the Jacobi update in the literature, allows for the parallel update of n rows
of the matrix X.

Notably, one can consider k , |B| > 2 when h(·) = 0, and the associated subproblems can be solved
using SVD.

C.5 Subdifferential of the Cardinality Function

The cardinality function ‖X‖0 is non-convex, which precludes the straightforward application of
classical convex optimization techniques. However, we can still calculate the subdifferential of the
cardinality function ‖X‖0 by employing the standard definition of the subdifferential.

Given that the function ‖X‖0 is separable with respect to each coordinate, it is sufficient to analyze
the one-dimensional case, defined as |x|0 , { 0, x = 0;

1, x 6= 0. }. The subdifferential h(x) of a function
h : R 7→ R at a point x ∈ R is defined as the set of subgradients ∂f(x) , {ξ ∈ R : h(z)− h(x)−
〈ξ, z − x〉 ≥ 0}. It follows that: ∂|x|0 , {ξ ∈ R | |x|0 + 〈ξ, y − x〉 ≤ |y|0, ∀y ∈ R}. It can be
readily verified that ∂|x|0 = {0} if x = 0, and ∂|x|0 = ∅ if x 6= 0.

We therefore conclude that [∂‖X‖0]i,j = { {0}, Xi,j = 0;
∅, else. } for all i ∈ [n] and j ∈ [r].

D Greedy Strategies for Working Set Selection

In this section, we introduce two novel greedy strategies designed to identify an effective working set
to enhance the practical computational efficiency of ODBC for k = 2, as shown in Algorithm 2. These
methods exclusively utilize the current solution Xt and its associated subgradient Gt ∈ ∂F (Xt).
Notably, our subsequent discussion relies on an additional variable matrix denoted as the scoring
matrix S.

Our first Working Set Selection (WSS) strategy is based on the maximum Stationarity Violation
pair, denoted as WWS-SV. It selects the index B = [̄i, j̄] that most violates the first-order optimality
condition.

Our second working set selection strategy is rooted in the maximum Objective Reduction pair,
denoted as WWS-OR. It chooses the index B = [̄i, j̄] that leads to the maximum objective reduction
under certain criteria.

We have the following results for the theoretical properties of WWS-SV and WWS-OR.

Lemma D.1. (Proof in Appendix I.1, Properties of WSS-SV). Assume that the scoring matrix S
is computed using (26), we have: (a) Xt ∈ St(n, r) is a critical point ⇔ S = 0. (b) S = 0
⇔ S(̄i, j̄) = 0.

Theorem D.2. (Proof in Appendix I.2, Properties of WSS-OR). Assume that the scoring matrix S
is computed using (27). Assume h(X) = 0 and Equation (8) is used to choose the matrix Q. We
have:

(a) The value of Sij for any given [i, j] can be computed as Sij = min(w1, w2), where w1 ,
−c1 −

√
c21 + c22, w2 , −c1 −

√
c23 + c24, c1 , Tii + Tjj , c2 , Tij −Tji, c3 , Tjj −Tii and

c4 , Tij + Tji.

(b) If Xt is not a critical point, it holds that: S(̄i, j̄) < 0 and F (Xt+1) < F (Xt).

Remarks. (i) The computational complexity of both WSS-MV and WSS-OR for a given pair
[i, j] is O(r). Therefore, the overall computational complexity for all C2

n pairs is O(n2r).
Such computational complexity could be high when n is large. We consider the following
more practical approach for k = 2 in our experiments. We randomly and uniformly sample
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Algorithm 2: WSS: Working Set Selection via Greedy Strategies.
Input: Xt and Gt ∈ ∂F (Xt).
(S1) Compute the scoring matrix S ∈ Rn×n using one of the following two strategies:
• Option WSS-SV (using Maximum Stationarity Violation Pair):

S = Xt[Gt]T −Gt[Xt]T. (26)

• Option WSS-OR (using Maximum Objective Reduction Pair):

Sij = min
VTV=I2

〈V − I2,TBB〉, B = [i, j], (27)

where T = (Gt − LfXt)(Xt)T − αIn ∈ Rn×n.
(S2) Output: B = [̄i, j̄] = arg maxi∈[n],j∈[n],i6=j |Sij |

p , min(n, 200) elements from the set {Bi}
C2

n
i=1 as {B̄i}pi=1, and then we pick the working set

using B = [̄i, j̄] = arg maxi,j,i 6=j |Sij |, s.t. [i, j] ∈ {B̄i}pi=1. This strategy leads to a significant
reduction in computational complexity to O(pr) when p� C2

n. (ii) When choosing k coordinates
with k > 2, one can simply pick the top-k nonoverlapping coordinates according |S| as the working
set.

E Proof for Section 2

E.1 Proof for Lemma 2.1

Proof. (a) For any V ∈ Rk×k and B ∈ {Bi}C
k
n

i=1, we have:

[X+]TX+ −XTX
¬
= [X + UB(V − Ik)UT

B X]T[X + UB(V − Ik)UT
B X]−XTX

= XTUB(V − Ik)UT
B X + [UB(V − Ik)UT

B X]TX + [UB(V − Ik)UT
B X]T[UB(V − Ik)UT

B X]

= XTUB
[
(V − Ik + VT − Ik) + (V − Ik)TUT

B UB(V − Ik)
]

UT
B X

­
= XTUB

[
(V − Ik + VT − Ik) + (V − Ik)T(V − Ik)

]
UT

B X

= XTUB(V − Ik + VT − Ik + VTV −VT −V + Ik)UT
B X

= XTUB(−Ik + VTV)UT
B X

®
= XTUB · 0 ·UT

B X

= 0,

where step ¬ uses X+ = X + UB(V − Ik)UT
B X; step ­ uses UT

B UB = Ik; step ® uses VTV = Ik.

(b) Obvious.

E.2 Proof of Lemma 2.2

Proof. We define X+ , X + UB(V − Ik)UT
B X, Q , (ZT ⊗UB)

TH(ZT ⊗UB), and Z , UT
B X.

(a) We derive the following results:

‖X+ −X‖2H
¬
= ‖UB(V − Ik)Z‖2H
­
= vec(UB(V − Ik)Z)THvec(UB(V − Ik)Z)
®
= vec(V − Ik)T(ZT ⊗UB)

TH(ZT ⊗UB)vec(V − Ik)
¯
= ‖V − Ik‖2(ZT⊗UB)TH(ZT⊗UB)

°
= ‖V − Ik‖2Q,
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where step ¬ uses X+ , X + UB(V − Ik)Z; step ­ uses ‖X‖2H = vec(X)THvec(X); step ®

uses (ZT ⊗ R)vec(U) = vec(RUZ) for all R, Z, and U of suitable dimensions; step ¯ uses
‖X‖2H = vec(X)THvec(X) again; step ° uses the definition of Q.

(b) We derive the following equalities:

‖X+ −X‖2F
¬
= ‖UB(V − Ik)Z‖2F
­
= ‖(V − Ik)Z‖2F
= 〈(V − Ik)T(V − Ik),ZZT〉
®
= 2〈Ik −V,ZZT〉+ 〈V −VT,ZZT〉.
¯
= 2〈Ik −V,ZZT〉+ 0.

where step ¬ uses X+ , X + UB(V − Ik)Z; step ­ uses the fact that ‖UBV‖2F = ‖V‖2F for any
V ∈ Rk×k; step ® uses

(V − Ik)T(V − Ik) = Ik −VT −V + Ik = 2(Ik −V) + (V −VT);

step ¯ uses the fact that 〈V,ZZT〉 = 〈VT, (ZZT)T〉 = 〈VT,ZZT〉 which holds true as the matrix
ZZT is symmetric.

(c) We have:

‖X+ −X‖2F = ‖UB(V − Ik)UT
B X‖2F

¬
≤ ‖UB‖22 · ‖(V − Ik)UT

B X‖2F
­
≤ ‖UB‖22 · ‖V − Ik‖2F · ‖UT

B ‖22 · ‖X‖22
®
= ‖V − Ik‖2F
¯
= 2〈Ik −V, Ik〉,

where step ¬ and step ­ uses the norm inequality that ‖AX‖F ≤ ‖A‖F · ‖X‖ for any A and X;
step ® uses ‖UB‖ = ‖UT

B ‖ = ‖X‖ = 1 for any X ∈ St(n, r); step ¯ uses the following equalities
for any V ∈ St(k, k):

‖V − Ik‖2F = ‖V‖2F + ‖Ik‖2F − 2〈Ik,V〉 = ‖Ik‖2F + ‖Ik‖2F − 2〈Ik,V〉 = 2〈Ik, Ik −V〉.

E.3 Proof of Lemma 2.3

Proof. We define K̈(V; Xt, B) , 1
2‖V− Ik‖2Q+αI + h(VZ) + 〈V, [∇f(Xt)(Xt)T]BB〉+ c̈, where

Z , UT
B Xt and c̈ = h(UT

BcX
t) + f(Xt)− 〈Ik, [∇f(Xt)(Xt)T]BB〉 is a constant.

(a) Using the definition of K̈(V; Xt, B), we have the following equalities for all V ∈ St(k, k):

K̈(V; Xt, B)− c̈
, 1

2‖V − I‖2Q+αI + 〈V, [∇f(Xt)(Xt)T]BB〉+ h(VZ)

= 1
2‖V − I‖2Q + α

2 ‖V − I‖2F + 〈V, [∇f(Xt)(Xt)T]BB〉+ h(VZ)

¬
= 1

2‖V‖
2
Q − 〈V,mat(Qvec(Ik))〉+ 1

2‖Ik‖
2
Q + α〈I, I−V〉+ 〈V, [∇f(Xt)(Xt)T]BB〉+ h(VZ)

­
= 1

2‖V‖
2
Q + 〈V, [∇f(Xt)(Xt)T]BB −mat(Qvec(Ik))− αIk︸ ︷︷ ︸

,P

〉+ h(VZ) + 1
2‖Ik‖

2
Q,

where step ¬ uses Claim (c) of Lemma 2.2 that: α
2 ‖V − Ik‖2F = α〈I, I − V〉; step ­ uses the

definition of P.
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(b) We consider the case that Q is chosen to be a diagonal matrix that Q = ςI, where ς is defined in
Equation (9). Using V ∈ St(k, k), the term 1

2‖V‖
2
Q simplifies to a constant with 1

2‖V‖
2
Q = ς

2k. We
can deduce from (11):

V̄t ∈ arg min
V∈St(k,k)

P(V) , 〈V,P〉+ h(X). (28)

In particular, when h(X) = 0, Problem (28) becomes the nearest orthogonality matrix problem and
can be solved analytically, yielding a closed-form solution that:

V̄t ∈ arg min
V∈St(k,k)

1
2‖V − (−P)‖2F = PM(−P) = −PM(P) = −ŨṼT.

Here, P = ŨDiag(s)ṼT is the singular value decomposition of P with Ũ, Ṽ ∈ St(k, k), s ∈ Rk,
and s ≥ 0.

Furthermore, the term Λ , −PTV̄t can be computed as:

Λ
¬
= −[ŨDiag(s)ṼT]T · [−ŨṼT]

= ṼDiag(s)ŨTŨṼT

­
= ṼDiag(s)ṼT

®
� 0,

where step ¬ uses P = ŨDiag(s)ṼT and V̄t = −ŨṼT; step ­ uses ŨTŨ = Ik; step ® uses
s ≥ 0. Notably, Λ ∈ Rk×k is essentially the multiplier for the orthogonality constraint VTV = Ik.

E.4 Proof of Lemma 2.4

Proof. Any 2 × 2 matrix takes the form V = ( a bc d ). The orthogonality constraint implies that
V ∈ St(2, 2) meets the following three equations: 1 = a2 + b2, 1 = c2 + d2, 0 = ac + bd.
Without loss of generality, we let c = sin(θ) and d = cos(θ) with θ ∈ R. Then we obtain either (i)
a = cos(θ), b = − sin(θ) or (ii) a = − cos(θ), b = sin(θ). Therefore, we have the following Givens
rotation matrix Vrot

θ and Jacobi reflection matrix Vref
θ :

Vrot
θ ,

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
, Vref

θ ,

[
− cos(θ) sin(θ)
sin(θ) cos(θ)

]
.

Note that for any a, b, c, d ∈ R, we have: det( a bc d ) = ad− bc. Therefore, we obtain: det(Vrot
θ ) =

cos2(θ) + sin2(θ) = 1 and det(Vrot
θ ) = − cos2(θ)− sin2(θ) = −1 for any θ ∈ R.

F Proof for Section 3

F.1 Proof of Theorem 3.1

Proof. (a) First, recall the classical Givens-QR algorithm, which is detailed in Section 5.2.5 of [14]).
This algorithm can decompose any matrix X ∈ Rn×n (not necessarily orthogonal) into the form
X = QR, where Q is an orthogonal matrix (Q ∈ St(n, n)) and R is a lower triangular matrix with
Rij = 0 for all i < j, achieved through C2

n = n(n−1)
2 Givens rotation steps.

Combining the result from Lemma A.5, we can conclude that classical Givens-QR algorithm can
decompose any orthogonal matrix into the form X = QR, where Q ∈ St(n, n) and R is diagonal
matrix with Ri,i ∈ {−1,+1} for all i ∈ [n].

We introduce a modification to the Givens-QR algorithm, resulting in our Jacobi-Givens-QR
algorithm as presented in Listing 1. This algorithm can decompose any matrix X ∈ St(n, n) into
the form X = QR, where Q = X and R = In, using a sequence of Ckn Givens rotation or Jacobi
reflection steps.
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1function [Q,R] = JacobiGivensQR(X)
2n = size(X,1); Q = eye(n); R = X;
3for j=1:n
4for i=n:-1:(j+1)
5B = [i-1;i]; V = Givens(R(i-1,j),R(i,j));
6R(B,:) = V’*R(B,:); Q(:,B) = Q(:,B)*V;
7if (i==j+1 && R(j,j) <0)
8V = [-1 0; 0 -1]; % or V = [-1 0; 0 1];
9R(B,:) = V’*R(B,:); Q(:,B) = Q(:,B)*V;
10end
11end
12end
13if(R(n,n) <0)
14V = [1 0;0 -1]; R(B,:) = V’*R(B,:); Q(:,B) = Q(:,B)*V;
15end
16
17function V = Givens(a,b)
18% Find a Givens rotation that V’*[a;b] = [r;0]
19if (b==0)
20c = 1; s = 0;
21else
22if (abs(b) > abs(a))
23tau = -a/b; s = 1/sqrt (1+tau^2); c = s*tau;
24else
25tau = -b/a; c = 1/sqrt (1+tau^2); s = c*tau;
26end
27end
28V = [c s;-s c];

Listing 1: Matlab implementation for our Jacobi-Givens-QR algorithm.

Please take note of the following four important points in Listing 1.
a) When we remove Lines 7-10 and Lines 13-15 from Listing 1, it essentially reverts to the

classical Givens-QR algorithm. Givens-QR operates by selecting an appropriate Givens
rotation matrix V = [

cos(θ) sin(θ)
− sin(θ) cos(θ)

] with a suitable rotation angle θ to zero-out the matrix
element Rij systematically from left to right (j = 1→ n) and bottom to top (i = n→ (j+ 1))
within every pair of neighboring columns.

b) Lines 7-10 and Lines 13-15 can be viewed as correction steps to ensure that the entries Rj,j = 1
for all j = n.

c) Line 7-10 is executed for (n − 2) times. In Line 7-10, when Jacobi-Givens-QR detects a
negative entry Ri−1,i−1 with i = j + 1, it applies a rotation matrix V , (−1 0

0 −1 ) to the two
rows B = [i− 1, i] to ensure that2 Ri−1,i−1 = 1.

d) Line 13-15 is executed only once when det(X) = −1. In such cases, we have RBB = ( 1 0
0 −1 )

and det(RBB) = −1, where B = [n− 1, n] is the two indices for the final rotation or reflection
step. To ensure that the resulting RBB is an identify matrix, Jacobi-Givens-QR employs a
reflection matrix V = ( 1 0

0 −1 ), leading to VTRBB = I2.
Therefore, we establish the conclusion that any orthogonal matrix X ∈ St(n, n) can be expressed
as D =WCk

n
...W2W1, whereWi = UBi

ViUT
Bi

+ UBc
i
UT
Bc

i
, and Vi ∈ St(2, 2) is a suitable matrix

associated with Bi. Furthermore, if ∀i, Vi = I2, we have ∀i, Wi = In, leading to D = In. This
concludes the proof of the first part of this theorem.

(b) For any given X ∈ St(n, r) and X0 ∈ St(n, r), we let:

D̄ = PSt(n,n)(X[X0]T), (29)

where PSt(n,n)(Y) denotes the nearest orthogonality matrix to the given matrix Y.

2Alternatively, one can use the reflection matrix V , (−1 0
0 1 ) instead of the rotation matrix V , (−1 0

0 −1 ) to
ensure that Ri−1,i−1 = 1.
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Assume that the matrix X[X0]T has the following singular value decomposition:

X(X0)T = UDiag(z)VT, z ∈ {0, 1}n, U ∈ St(n, n), V ∈ St(n, n).

Therefore, we have the following equalities:

Diag(z) = UTX[X0]TV. (30)

D̄ = UVT ∈ St(n, n). (31)

Furthermore, we derive the following results:

z ∈ {0, 1}n

⇒ Diag(z)T = Diag(z)Diag(z)T

⇒ U[Diag(z)T −Diag(z)Diag(z)T]UTX = 0
¬⇒ U[VTX0XTU−UTX(X0)TVVTX0XTU]UTX = 0

⇒ UVTX0XTUUTX−UUTX(X0)TVVTX0XTUUTX = 0
­⇒ UVTX0 −X = 0
®⇒ D̄ ·X0 −X = 0,

where step ¬ uses (30); step ­ uses UUT = In, VVT = In, XTX = Ir, and [X0]TX0 = Ir; step
® uses (31). We conclude that, for any given X ∈ St(n, r) and X0 ∈ St(n, r), we can always find a
matrix D̄ ∈ St(n, n) such that D̄X0 = X.

Since the matrix D̄ ∈ St(n, n) can be represented as D̄ =WCk
n
...W2W1, whereWi = UBi

ViUT
Bi

+

UBc
i
UT
Bc

i
for some suitable Vi ∈ St(2, 2) (as established in the first part of this theorem), we can

conclude that any matrix X ∈ St(n, r) can be expressed as X = D̄X0 =WCk
n
...W2W1X

0.

F.2 Proof for Theorem 3.4

Proof. We use X̄, Ẍ, and X̌ to denote the global optimal point, BSk-point, and critical point of
Problem (1), respectively.

Setting the Riemannian subgradient of K̈(V; Ẍ, B) w.r.t. V to zero, we have 0 ∈ ∂MK̈(V; Ẍ, B) =

G̈(V) 	 V[G̈(V)]TV, where G̈(V) = α(V − Ik) + UT
B [mat(Hvec(X+ − Ẍ)) + ∇f(Ẍ) +

∂h(X+)]ẌTUB and X+ = Ẍ + UB(V − Ik)UT
B Ẍ. Letting V = Ik, we have the following

necessary but not sufficient condition for any BSk-point:

∀B ∈ {Bi}
Ck

n
i=1, 0 = UT

B (GẌT − ẌGT)UB, with G ∈ ∇f(Ẍ) + ∂h(Ẍ). (32)

(a) We now show that {critical points X̌} ⊇ {BSk-points Ẍ} for all k ≥ 2. We let G ∈ ∇f(Ẍ) +

∂h(Ẍ). Using Lemma A.1, we have:

0n,n = GẌT − ẌGT ⇒ (0n,n · Ẍ) = (GẌT − ẌGT)Ẍ

¬⇒ 0n,r = G− ẌGTẌ, (33)

⇒ ẌT · 0n,r = ẌT(G− ẌGTẌ)

­⇒ 0r,r = ẌTG−GTẌ

⇒ 0n,n = Ẍ(ẌTG−GTẌ)ẌT

®⇒ 0n,n = Ẍ ẌTGẌT︸ ︷︷ ︸
,GT

− ẌGTẌ︸ ︷︷ ︸
,G

ẌT,

where steps ¬ and ­ use ẌTẌ = Ir; step ® uses Equality (33) that G = ẌGTẌ. We conclude that
the necessary condition in Equation (32) is equivalent to the optimality condition of critical points.
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(b) We now show that {BS2-points Ẍ} ⊇ {global optimal points X̄}. We define X ?B (V) , X̄ +

UB(V − I)UT
B X̄, and K̈(V; X, B) , f(X) + 〈V − Ik, [∇f(X)(X)T]BB〉 + 1

2‖V − Ik‖2Q+αI +

h(UT
BcX) + h(VUT

B X). We let V(i) ∈ St(2, 2) and Bi ∈ {Bi}
Ck

n
i=1. We derive:

K̈(I2; X̄,Bi), ∀Bi
¬
= F (X̄) = h(X̄) + f(X̄)
­
= h(X) + f(X),∀X ∈ St(n, r)
®
≤ h(X̄ + UBi

(V(i) − I)UT
Bi

X̄) + f(X̄ + UBi
(V(i) − I)UT

Bi
X̄), ∀V(i), ∀Bi

¯
= h(X ?Bi

(V(i))) + f(X ?Bi
(V(i))), ∀V(i), ∀Bi

°
= K̈(V(i); X̄,Bi), ∀V(i), ∀Bi
= minV∈St(2,2) K̈(V; X̄,Bi), ∀Bi, (34)

where step ¬ uses the definition of K̈(V; X, B) , f(X) + 〈V − Ik, [∇f(X)(X)T]BB〉 + 1
2‖V −

Ik‖2Q+αI + h(UT
BcX) + h(VUT

B X); step ­ uses the definition of X̄; step ® uses the basis represen-
tation of orthogonal matrices when k = 2, as shown in Theorem 3.1; step ¯ uses the definition of
X ?B (V); step ° uses the same strategy as in deriving Inequality (2). This leads to:

I2 ∈ arg min
V∈St(2,2)

K̈(V; X̄,Bi), ∀Bi.

The inclusion above implies that {BS2-points Ẍ} ⊇ {global optimal points X̄}.

(c) We now show that {BSk-points Ẍ} ⊇ {BSk+1-points Ẍ}. It is evident that the subproblem of
finding BSk-points is encompassed within that of finding BSk+1-points stationary point. Thus, we
conclude that the optimality of the latter is stronger.

(d) The inclusion {critical points X̌} ⊆ {BSk-points Ẍ} may not always hold true. This can
be illustrated through simple examples of 2 × 2 optimization problems under orthogonality con-
straints (see Appendix Section C.1 for more details). Lastly, it is also evident that the inclusions
{BS2-points Ẍ} ⊆ {global optimal points X̄} and {BSk-points Ẍ} ⊆ {BSk+1-points Ẍ}may not
always hold true.

G Proof for Section 4

G.1 Proof for Theorem 4.2

Proof. We define K̈(V; Xt, B) , 1
2‖V− Ik‖2Q+αI + h(VZ) + 〈V, [∇f(Xt)(Xt)T]BB〉+ c̈, where

Z , UT
B Xt and c̈ = h(UT

BcX
t) + f(Xt)− 〈Ik, [∇f(Xt)(Xt)T]BB〉 is a constant.

We define c̃ , 2
α · (F (X0)− F (Ẍ)).

(a) First, we have the following equalities:

h(Xt+1)− h(Xt)
¬
= h(UBV̄

tUT
B Xt + UBcUT

BcX
t)− h(UBU

T
B Xt + UBcUT

BcX
t)

­
= h(UBV̄

tUT
B Xt) + h(UBcUT

BcX
t)− h(UBU

T
B Xt)− h(UBcUT

BcX
t)

®
= h(V̄tUT

B Xt)− h(UT
B Xt), (35)

where step ¬ uses Xt+1 = UBVUT
B Xt + UBcUT

BcX
t as in (3) and I = UBU

T
B + UBcUT

Bc ; step ­ and
step ® use the coordinate-wise separable structure of h(·).

Second, since V̄t is the global optimal solution of (10), we have: K̈(V̄t; Xt, B) ≤
K̈(V; Xt, B),∀V ∈ St(k, k). Letting V = Ik ∈ St(k, k), we have: K̈(V̄t; Xt, B) ≤ K̈(Ik; Xt, B),
leading to:

h(V̄tUT
B Xt) + 1

2‖V̄
t − Ik‖2Q+αI + 〈V̄t − I, [∇f(Xt)(Xt)T]BB〉 ≤ h(UT

B Xt). (36)
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Third, we denote Xt+1 = X tB (V̄t) and derive:

f(Xt+1)− f(Xt)
¬
≤ 〈X tB (V̄t)−Xt,∇f(Xt)〉+ 1

2‖X
t
B (V̄t)−Xt‖2H

­
= 〈UB(V̄

t − Ik)UT
B Xt,∇f(Xt)〉+ 1

2‖V̄
t − Ik‖2Q

®
≤ 〈V̄t − Ik, [∇f(Xt)(Xt)T]BB〉+ 1

2‖V̄
t − Ik‖2Q, (37)

where step ¬ uses Inequality (2); step ­ uses Claim (a) of Lemma 2.2; step ® uses Q < Q.

Adding (35), (36), and (37) together, we obtain the following sufficient decrease condition:

F (Xt+1)− F (Xt) ≤ −α2 ‖V̄
t − Ik‖2F

¬
≤ −α2 ‖X

t+1 −Xt‖2F, (38)

where step ¬ uses Claim (c) of Lemma 2.2.

(b) We assume that Bt is selected from {Bi}C
k
n

i=1 randomly and uniformly.

Taking the expectation for Inequality (38), we obtain a lower bound on the expected progress made
by each iteration:

Eξt [F (Xt+1)]− F (Xt) ≤ −Eξt [α2 ‖V̄
t − Ik‖2F].

Telescoping the inequality above over t = 0, 1, ..., T , we have:

EξT [α2
∑T
t=0 ‖V̄t − Ik‖2F] ≤ EξT [F (X0)− F (XT+1)] ≤ EξT [F (X0)− F (Ẍ)],

where Ẍ denotes the limit point of Algorithm 2. As a result, there exists an index t̄ with 0 ≤ t̄ ≤ T
such that

EξT [‖V̄t̄ − Ik‖2F] ≤ 2
α(T+1) [F (X0)− F (Ẍ)] = c̃

T+1 . (39)

Furthermore, for any t, V̄t is the optimal solution of the following minimization problem at Xt:
V̄t ∈ arg minV minV K̈(V; Xt, Bt). Given V̄t is a random output matrix depends on the observed
realization of the random variable Bt, we directly obtain the following equality:

1
Ck

n

∑Ck
n

i=1 dist(Ik, arg minV K̈(V; Xt,Bi))2 = Eξt [‖V̄t − Ik‖2F]. (40)

Combining (39) and (40), we conclude that there exists an index t̄ with t̄ ∈ [0, T ] such that the
associated solution Xt̄ qualifies as an ε-BSk-point of Problem (1), provided that T is sufficiently
large such that c̃

T+1 ≤ ε. We conclude that OBCD finds an ε-BSk-point of Problem (1) in at most T
iterations deterministically, where T ≥ d c̃ε − 1e.

(c) We assume that Bt is selected from {Bi}C
k
n

i=1 cyclically, i.e., B1 → B2 → B3 → . . .→ BCk
n−1 →

BCk
n
→ B1 → B2 → B3 → . . ..

Telescoping Inequality (38) over t from 0 to T yields:

α
2

∑T
t=0 ||V̄t − Ik||2F ≤ F (X0)− F (XT+1) ≤ F (X0)− F (Ẍ), (41)

For notation simplicity, we define z , Ckn and et , ‖V̄t − Ik‖2F. We have from Inequality (41):

c̃ , (F (X0)− F (Ẍ)) · 2
α

≥
∑T
t=0 e

t

= e0 +
∑z
i=1 e

i +
∑2z
i=z+1 e

i +
∑3z
i=2z+1 e

i + . . .

+
∑bT/zcz
i=[bT/zc−1]z+1 e

i +
∑T
i=bT/zcz e

i

¬
≥

∑z
i=1 e

i +
∑2z
i=z+1 e

i +
∑3z
i=2z+1 e

i + . . .+
∑bT/zcz
i=[bT/zc−1]z+1 e

i

≥ (min
bT/zc
k=1 [

∑kz
i=(k−1)z+1e

i])× bT/zc,
­
≥ (min

bT/zc
k=1 [

∑kz
i=(k−1)z+1e

i])× (T−zz ), (42)
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where step ¬ uses ei ≥ 0 for all i, and T ≥ bT/zcz for all T ≥ 0; step ­ uses bT/zc ≥ T
z − 1 for

all T > z > 0. Inequality (42) implies that there exists an index k̄ with k̄ ∈ [1, bT/zc] satisfying

1
z

∑k̄z
i=1+(k̄−1)ze

i ≤ c̃
T−z . (43)

Such inequality further implies the associated solution Xk̄z qualifies as an ε-BSk-point of Problem
(1), provided that T is sufficiently large such that c̃

T−z ≤ ε and T > z. We conclude that OBCD
finds an ε-BSk-point of Problem (1) in at most T iterations deterministically, where T ≥ d c̃ε + ze.

G.2 Proof of Lemma 4.6

Proof. For notation simplicity, we define: ‖∂F (X)‖F = infY∈∂F (X) ‖Y‖F = dist(0, ∂F (X)).

We define A	 B as the element-wise subtraction between sets A and B.

We let Ht+1 ∈ ∂h(Xt+1), and define:

Ω0 , UT
Bt [∇f(Xt+1) +Ht+1][Xt+1]TUBt ∈ Rk×k, (44)

Ω1 , UT
Bt [∇f(Xt+1) +Ht+1][Xt]TUBt ∈ Rk×k, (45)

Ω2 , UT
Bt [∇f(Xt)−∇f(Xt+1)][Xt]TUBt ∈ Rk×k. (46)

First, using the optimality of V̄t for the subproblem, we have:

0k,k = G̃− V̄tG̃TV̄t

where G̃ = mat((Q + αIk)vec(V̄t − Ik))︸ ︷︷ ︸
,Υ1

+ UT
Bt [∇f(Xt) +Ht+1](Xt)TUBt︸ ︷︷ ︸

,Υ2

.

Using the relation that G̃ = Υ1 + Υ2, we obtain the following results from the above equality:

0k,k = (Υ1 + Υ2)− V̄t(Υ1 + Υ2)TV̄t

¬⇒ 0k,k = Υ1 + Ω1 + Ω2 − V̄t(Υ1 + Ω1 + Ω2)TV̄t

⇒ Ω1 = V̄t(Υ1 + Ω1 + Ω2)TV̄t −Υ1 − Ω2, (47)

where step ¬ uses Υ2 = Ω1 + Ω2.

Second, since both Bt and Bt+1 are randomly and dependently selected from {Bi}C
k
n

i=1 with replace-
ment, each with an equal probability of 1

Ck
n

, for any Ã ∈ Rn×n, we have:

EBt+1 [‖UT
Bt+1ÃUBt+1‖2F = 1

Ck
n

∑Ck
n

i=1 ‖UT
Bi

ÃUBi
‖2F = EBt‖UT

BtÃUBt‖2F. (48)

Third, we derive the following results:

Eξt+1 [dist(0, ∂MK̈(Ik; Xt+1, Bt+1))] = Eξt+1 [‖∂MK̈(Ik; Xt+1, Bt+1)‖F]

¬
= Eξt+1 [‖UT

Bt+1{∂F (Xt+1)[Xt+1]T 	Xt+1[∂F (Xt+1)]T}UBt+1‖F]

­
= Eξt [‖UT

Bt{∂F (Xt+1)[Xt+1]T 	Xt+1[∂F (Xt+1)]T}UBt‖F]

®
≤ Eξt [‖Ω0 − ΩT

0 ‖F]

¯
≤ 2Eξt [‖Ω0 − Ω1‖F] + Eξt [‖Ω1 − ΩT

1 ‖F]

°
= 2Eξt [‖Ω0 − Ω1‖F] + Eξt [‖V̄t(Υ1 + Ω1 + Ω2)TV̄t −Υ1 − Ω2 − ΩT

1 ‖F]

±
= 2Eξt [‖Ω0 − Ω1‖F] + Eξt [‖V̄tΥT

1 V̄t −Υ1‖F] + Eξt [‖V̄tΩT
1 V̄t − ΩT

1 ‖F]

+Eξt [‖V̄tΩT
2 V̄t − Ω2‖F] (49)

where step ¬ uses the definition of ∂MK̈(V; Xt+1, Bt+1) at the point V = Ik; step ­ uses Equality
(48) with Ã = ∂F (Xt+1)(Xt+1)T 	 Xt+1(∂F (Xt+1))T; step ® uses the definition of Ω0 in
Equation (44); step ¯ uses Lemma A.2; step ° uses Equality (47); step ± uses the triangle inequality.
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We now establish individual bounds for each term in Inequality (49). For the first term 2Eξt [‖Ω0 −
Ω1‖F] in (49), we have:

2Eξt [‖Ω0 − Ω1‖F]

≤ 2Eξt [‖UT
Bt [∇f(Xt+1) +Ht+1][Xt+1 −Xt]TUBt‖F]

¬
= 2Eξt [‖UT

Bt [∇f(Xt+1) +Ht+1][UB(V̄
t − Ik)UBtX

t]TUBt‖F]

­
≤ 2(lf + lh)Eξt [‖V̄t − Ik‖F], (50)

where step ¬ uses Xt+1 = Xt + UB(V̄
t − Ik)UT

B Xt; step ­ uses the inequality ‖XY‖F ≤
‖X‖F‖Y‖2 for all X and Y repeatedly, and the fact that ∀X, ‖∇f(X)‖2 ≤ lf , ‖∂h(X)‖2 ≤ lh.

For the second term Eξt [‖V̄tΥT
1 V̄t −Υ1‖F] in (49), we have::

Eξt [‖V̄tΥT
1 V̄t −Υ1‖F]

¬
≤ Eξt [‖V̄tΥT

1 V̄t‖F] + Eξt [‖Υ1‖F]

­
≤ 2Eξt [‖Υ1‖F]

®
= 2Eξt [‖mat((Q + αIk)vec(V̄t − Ik))‖F]

≤ 2‖Q + αIk‖2 · Eξt [‖V̄t − Ik)‖F]

¯
≤ 2(Lf + α) · Eξt [‖V̄t − Ik)‖F] (51)

where step ¬ uses the triangle inequality; step ­ uses the inequality ‖XY‖F ≤ ‖X‖F‖Y‖2 for all
X and Y; step ® uses the definition of Ω1 in (45); step ¯ uses the fact that ‖Q‖ ≤ Lf .

For the third term Eξt [‖V̄tΩT
1 V̄t − ΩT

1 ‖F] in (49), we have:

Eξt [‖V̄tΩT
1 V̄t − ΩT

1 ‖F]

¬
= Eξt [‖V̄tΩT

1 (V̄t − Ik) + (V̄t − I)ΩT
1 ‖F]

­
≤ 2Eξt [‖Ω1‖2 · ‖(V̄t − Ik)‖F]

®
≤ 2Eξt [‖∇f(Xt+1) +Ht+1‖2 · ‖(V̄t − Ik)‖F]

¯
≤ 2(lf + lh)Eξt [‖(V̄t − Ik)‖F] (52)

where step ¬ uses the fact that−V̄tΩT
1 Ik + V̄tΩT

1 = 0; step ­ uses the norm inequality; step ® uses
the fact that ‖Ω1‖2 = ‖UT

Bt [∇f(Xt+1) +Ht+1][Xt]TUBt‖2 ≤ ‖∇f(Xt+1) +Ht+1‖2 which can be
derived using the norm inequality; step ¯ uses the fact that ∀X, ‖∇f(X)‖2 ≤ lf , ‖∂h(X)‖2 ≤ lh.

For the fourth term Eξt [‖V̄tΩT
2 V̄t − Ω2‖F] in (49), we have:

Eξt [‖V̄tΩT
2 V̄t − Ω2‖F]

¬
≤ Eξt [‖V̄tΩT

2 V̄t‖F] + E[‖Ω2‖F]

­
≤ 2Eξt [‖Ω2‖F]

®
= 2Eξt [‖UT

Bt [∇f(Xt)−∇f(Xt+1)][Xt]TUBt‖F]

¯
= 2Eξt [‖∇f(Xt)−∇f(Xt+1)‖F]

°
= 2LfEξt [‖Xt −Xt+1‖F]

±
= 2LfEξt [‖V̄t − Ik‖F], (53)

where step ¬ uses the triangle inequality; step ­ uses the norm inequality; step ® uses the definition
of Ω2 = UT

Bt [∇f(Xt)−∇f(Xt+1)][Xt]TUBt in (46); step ¯ uses the norm inequality; step ° uses
the fact that∇f(X) is Lf -Lipschitz continuous; step ± uses Claim (c) of Lemma 2.2.
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In view of (50), (51), (52), (53), and (49), we have:

Eξt+1 [‖∂MK̈(Ik; Xt+1, Bt+1)‖F]

≤ (c1 + c2 + c3 + c4) · Eξt [‖V̄t − Ik‖F] = φ · Eξt [‖V̄t − Ik‖F]

where c1 = 2(lf + lh), c2 = 2(Lf + α), c3 = 2(lf + lh), and c4 = 2Lf .

G.3 Proof of Theorem 4.7

Proof. First, we show that dist(0, ∂MF (Xt)) ≤ γ · E[dist(0, ∂MK̈(Ik; Xt, Bt))], where γ ,
(Ckn/C

k−2
n−2)1/2. For all Dt , ∂F (Xt)[Xt]T 	Xt[∂F (Xt)]T, we obtain:

‖Dt‖2F =
∑
i

∑
j 6=i(D

t
ij)

2 +
∑
i

∑
j=i(D

t
ij)

2

¬
=

∑
i

∑
j 6=i(D

t
ij)

2

­
= 1

Ck−2
n−2

∑Ck
n

i=1 ‖UT
Bi

DtUBi‖2F
®
= 1

Ck−2
n−2

· CknEBt [‖UT
BtD

tUBt‖2F]

¯
= γ2EBt [‖UT

BtD
tUBt‖2F], (54)

where step ¬ uses the fact that Dt
ii = 0 for all i ∈ [n]; step ­ uses Claim (a) of this lemma with

Dt
ii = 0 for all i ∈ [n]; step ® uses EBt [‖UT

BtWUBt‖2F] = 1
Ck

n

∑Ck
n

i=1 ‖UT
Bi

WUBi
‖2F as Bt are chosen

from {Bi}C
k
n

i=1 randomly and uniformly; ¯ uses the definition of γ. We further derive:

‖∂MF (Xt)‖F
¬
= ‖∂F (Xt)	Xt[∂F (Xt)]TXt‖F
­
= ‖∂F (Xt)[Xt]TXt 	Xt[∂F (Xt)]TXt‖F
®
≤ ‖∂F (Xt)[Xt]T 	Xt[∂F (Xt)]T‖F
¯
= γEBt [‖UT

Bt{∂F (Xt)[Xt]T 	Xt[∂F (Xt)]T}UBt‖F]

°
= γ‖∂MK̈(Ik; Xt, Bt)‖F (55)

where step ¬ uses the definition of ∂MF (Xt)); step ­ uses [Xt]TXt = Ir; step ® uses the inequality
that ‖AX‖2F ≤ ‖A‖2F for all X ∈ St(n, r); step ¯ uses Equality (54); step ° uses the definition of
∂MK̈(Ik; Xt, Bt).

Second, given F ◦(X) , F (X) + IM(X) is a KL function by our assumption, we can conclude,
from Proposition 4.5, that:

1
ϕ′(F◦(Xt)−F◦(Ẍ))

≤ dist(0, ∂F ◦(Xt)). (56)

Since ϕ(·) is a concave desingularization function, we have: ϕ(b) + (a− b)ϕ′(a) ≤ ϕ(a). Applying
the inequality above with a = F (Xt)− F (Ẍ) and b = F (Xt+1)− F (Ẍ), we have:

(F (Xt)− F (Xt+1))ϕ′(F (Xt)− F (Ẍ))

≤ Et , ϕ(F (Xt)− F (Ẍ))− ϕ(F (Xt+1)− F (Ẍ)). (57)
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Third, we derive the following inequalities:

Eξt [α2 ‖V̄
t − Ik‖2F]

¬
≤ Eξt [F (Xk)− F (Xk+1)]

­
≤ Eξt [ Et

ϕ′(F (Xt)−F (Ẍ))
]

®
≤ Eξt [Et · dist(0, ∂F ◦(Xt))]

¯
≤ Eξt [Et · ‖∂MF (Xt)‖F]

°
≤ Eξt [Etγ‖∂MK̈(Ik; Xt, Bt)‖F]

±
≤ Eξt−1 [Etγφ‖V̄t−1 − Ik‖F]

²
≤ α′

2 Eξt−1 [‖V̄t−1 − Ik‖2F] + (Etγφ)2

2α′ , ∀α′ > 0,

where step ¬ uses the sufficient decrease condition as shown in Theorem 4.2; step ­ uses Inequality
(57); step ® uses Inequality (56); step ¯ uses Lemma A.7; step ° uses Inequality (55); step ±

uses Lemma 4.6; step ² applies the inequality that ∀α′ > 0, a, b, ab ≤ α′a2

2 + b2

2α′ with a =

Eξt−1 [‖V̄t−1 − Ik‖F] and b = Etγφ. Multiplying both sides by 2 and taking the square root yields:

√
αEξt [‖V̄t − Ik‖F] ≤

√
α′Eξt−1 [‖V̄t−1 − Ik‖2F] + (Etγφ)2

α′ , ∀α′ > 0

¬
≤
√
α′Eξt−1 [‖V̄t−1 − Ik‖F] + Etγφ√

α′
, ∀α′ > 0,

where step ¬ uses the inequality that
√
a+ b ≤

√
a +
√
b for all a ≥ 0 and b ≥ 0. Summing the

inequality above over i from 1 to t, we have:
√
αEξt [‖V̄t − Ik‖F]−

√
α′Eξ0 [‖V̄0 − Ik‖F] +

∑t−1
i=1(
√
α−
√
α′)Eξi [‖V̄i − Ik‖F]

≤ γφ√
α′

∑t
i=1 E i

¬
= γφ√

α′

∑t
i=1 ϕ(F (Xi)− F (Ẍ))− ϕ(F (Xi+1)− F (Ẍ))

­
= γφ√

α′
[ϕ(F (X1)− F (Ẍ))− ϕ(F (Xt+1)− F (Ẍ))]

®
≤ γφ√

α′
ϕ(F (X1)− F (Ẍ)), (58)

where step ¬ uses the definition of E i as provided in (57); step ­ uses a basic recursive reduction
technique; step ® uses the positivity of the desingularization function ϕ(·).

Finally, with the choice α′ = α
4 for Inequality (58), we have:

√
αEξt [‖V̄t − Ik‖F] +

√
α

2

∑t−1
i=1 Eξi [‖V̄i − Ik‖F]− 2γφ√

α
ϕ(F (X1)− F (Ẍ))

≤
√
α

2 Eξ0 [‖V̄0 − Ik‖F]
¬
≤
√
αk, (59)

where step ¬ uses 1
2‖V − Ik‖F ≤ 1

2‖V‖F + 1
2‖I‖F ≤

√
k for all V ∈ St(k, k). Finally, we obtain

from Inequality (59):∑t
i=1 Eξi [‖V̄i − Ik‖F] ≤

(
4γφ
α ϕ(F (X1)− F (Ẍ)) + 2

√
k
)
, C.

Using the fact that ‖Xt+1 −Xt‖2F ≤ ‖V̄t − Ik‖2F for all t ≥ 0 as shown in Claim (c) of Lemma 2.2,
we have: ∑t

i=1 Eξi [‖Xi+1 −Xi‖F] ≤ C.
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H Proof for Section 5

H.1 Proof of Lemma 5.1

Proof. We define w , c− e. We define F̆ (c̃, s̃) , ac̃+ bs̃+ cc̃2 + dc̃s̃+ es̃2 + h(c̃x + s̃y).

Initially, using sin2(θ) = 1 − cos2(θ), we obtain the following problem, which is equivalent to
Problem (12):
θ̄ ∈ arg min

θ
a cos(θ) + b sin(θ) + w cos2(θ) + d cos(θ) sin(θ) + e+ h(cos(θ)x + sin(θ)y). (60)

We assume cos(θ) 6= 0. Using Lemma A.8, we consider the two cases for (cos(θ), sin(θ)) in Problem
(60).

Case a). cos(θ) = 1√
1+tan2(θ)

, and sin(θ) = tan(θ)√
1+tan2(θ)

. Problem (12) reduces to:

θ̄+ ∈ arg min
θ

a+tan(θ)b√
1+tan2(θ)

+ w+tan(θ)d
1+tan2(θ) + h( x+tan(θ)y√

1+tan2(θ)
).

Defining t = tan(θ), we have the following equivalent problem:
t̄+ ∈ arg min

t

a+bt√
1+t2

+ w+dt
1+t2 + h( x+yt√

1+t2
).

Therefore, the optimal solution θ̄+ can be computed as:

cos(θ̄+) = 1√
1+(t̄+)2

, sin(θ̄+) = t̄+√
1+(t̄+)2

. (61)

Case b). cos(θ) = −1√
1+tan(θ)2

, and sin(θ) = − tan(θ)√
1+tan(θ)2

. Problem (12) boils down to:

θ̄− ∈ arg min
θ

−a−tan(θ)b√
1+tan(θ)2

+ w+tan(θ)d
1+tan(θ)2 + h(−x−tan(θ)y√

1+tan(θ)2
).

Defining t = tan(θ), we have the following equivalent problem:
t̄− ∈ arg min

t

−a−bt√
1+t2

+ w+dt
1+t2 + h(−x−yt√

1+t2
).

Therefore, the optimal solution θ̄− can be computed as:

cos(θ̄−) = −1√
1+(t̄−)2

, sin(θ̄−) = −t̄−√
1+(t̄−)2

(62)

In view of (61) and (62), we conclude that, when cos(θ) 6= 0, the optimal solution θ̄

for Problem (60) can be computed as: [cos(θ̄), sin(θ̄)] ∈ arg minc,s F̆ (c, s), s.t. [c, s] ∈
{[cos(θ̄+), sin(θ̄+)], [cos(θ̄−), sin(θ̄−)]}. Taking into account the case where cos(θ) = 0, the opti-
mal solution θ̄ for Problem (60) can be computed as:

[cos(θ̄), sin(θ̄)] ∈ arg min
c,s

F̆ (c, s),

s.t. [c, s] ∈ {[cos(θ̄+), sin(θ̄+)], [cos(θ̄−), sin(θ̄−)], [0, 1], [0,−1]}.

Notably, the trigonometric functions {cos(θ̄), sin(θ̄)} uniquely determine θ̄. Furthermore, since the
objective function in (12) solely depends on {cos(θ), sin(θ)}, computing the values θ̄+ for (61) and
θ̄− for (62) is unnecessary.

I Proof for Appendix Section D

I.1 Proof of Lemma D.1

Proof. (a) The proof is similar to that of Theorem 3.4. We omit the proof for brevity.

(b) Note that the matrix S is an anti-symmetric matrix with S = −ST and diag(S) = 0. By observing
[̄i, j̄] = arg maxi∈[n],j∈[n],i6=j |Sij |, we can conclude that:

S(̄i, j̄) = 0 ⇔ S = 0.
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I.2 Proof of Theorem D.2

Proof. We define B = [i, j].

We define c1 , Tii + Tjj , c2 , Tij −Tji, c3 , Tjj −Tii and c4 , Tij + Tji.

(a) We now focus on the following optimization problem
Sij = min

V∈St(2,2)
〈V − I2,TBB〉. (63)

We consider two cases for V ∈ St(2, 2).

Case a). When V is a rotation matrix with V = Vrot
θ =

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
for some suitable θ,

we have:
min

V∈St(k,k)
〈V − I2,TBB〉

= min
θ
〈
[
cos(θ)− 1 sin(θ)
− sin(θ) cos(θ)− 1

]
,

[
Tii Tij

Tji Tjj

]
〉.

= min
θ

cos(θ)(Tii + Tjj) + sin(θ)(Tij −Tji)− (Tii + Tjj)

¬
= −

√
(Tii + Tjj)2 + (Tij −Tji)2 − (Tii + Tjj)

­
= −

√
c21 + c22 − c1. (64)

where step ¬ uses Lemma A.9 with A = Tii + Tjj and B = Tij −Tji; step ­ uses the definition
of c1 , Tii + Tjj and c2 , Tij −Tji.

Case b). When V is a reflection matrix with V = Vref
θ =

[
− cos(θ) sin(θ)
sin(θ) cos(θ)

]
for some suitable

θ, we have:
min

V∈St(k,k)
〈V − Ik,TBB〉

= min
θ
〈
[
− cos(θ)− 1 sin(θ)

sin(θ) cos(θ)− 1

]
,

[
Tii Tij

Tji Tjj

]
〉.

= min
θ

cos(θ)(Tjj −Tii) + sin(θ)(Tij + Tji)− (Tii + Tjj)

¬
= −

√
(Tjj −Tii)2 + (Tij + Tji)2 − (Tii + Tjj)

­
= −

√
c23 + c24 − c1. (65)

where step ¬ uses Lemma A.9 with A = Tjj −Tii and B = Tij + Tji; step ­ uses the definition
of c3 , Tjj −Tii, c4 , Tij + Tji, and c1 , Tii + Tjj .

In view of Equations (63), (64), and (65), we have:

Sij = min(−
√
c21 + c22 − c1,−

√
c23 + c24 − c1).

(b) We note that h(X) = 0 for all X based on our assumption. If Xt is not a critical point, then the
matrix Gt[Xt]T ∈ Rn×n is not symmetric, and the matrix T , Gt[Xt]T −LXt[Xt]T −αIn is also
not symmetric. There exists B = [i, j] with i 6= j such that Tij 6= Tji, and c2 , Tij − Tji 6= 0.
Consequently, Sij = min(w1, w2) becomes strictly negative, as w1 = −c1 −

√
c21 + c22 < 0. Since

the pair [̄i, j̄] ∈ arg mini,j S(i, j) is chosen, we conclude that S(̄i, j̄) < 0.

We now prove that a strict decrease is guaranteed with F (Xt+1) < F (Xt) for OBCD if Xt is not a
critical point. We define X tB (V) , Xt + UB(V− Ik)UT

B Xt. Since V̄t is the global optimal solution
of Problem (10), we have:

1
2‖V̄

t − Ik‖2Q+αI + 〈V̄t − Ik, [∇f(Xt)(Xt)T]BB〉
≤ 1

2‖V − Ik‖2Q+αI + 〈V − Ik, [∇f(Xt)(Xt)T]BB〉, ∀V ∈ St(k, k). (66)

33



We derive the following inequalities:

F (Xt+1)− F (Xt) = f(X tB (V))− f(Xt)
¬
≤ 〈V̄t − Ik, [∇f(Xt)(Xt)T]BB + 1

2‖V̄
t − Ik‖2Q+αI

­
≤ 1

2‖V − Ik‖2Q+αI + 〈V − Ik, [∇f(Xt)(Xt)T]BB〉, ∀V ∈ St(k, k).

®
≤ min

V∈St(k,k)

(
1
2‖X

t
B (V)−Xt‖2H + α

2 ‖V − Ik‖2F + 〈V − Ik, [∇f(Xt)(Xt)T]BB〉
)︸ ︷︷ ︸

,Ξ(V)

, (67)

where step ¬ uses Inequality (7); step ­ uses Inequality (66); step ® uses the fact that 1
2‖V−Ik‖2Q =

1
2‖X

t
B (V)−Xt‖2H.

We now prove that the right-hand side of (67) is consistently negative with the following inequalities:

min
V∈St(k,k)

Ξ(V)

¬
≤ min

V∈St(k,k)

Lf

2 ‖X
t
B (V)−Xt‖2F + 〈V − Ik, [∇f(Xt)(Xt)T]BB − αIk〉

­
= min

V∈St(k,k)
Lf 〈Ik −V,UT

B Xt[Xt]TUB〉+ 〈V − Ik, [∇f(Xt)(Xt)T]BB − αIk〉

®
= min

V∈St(k,k)
〈V − Ik,TBB〉

¯
< 0,

where step ¬ uses 1
2‖X

t
B (V) − Xt‖2H ≤

Lf

2 ‖X
t
B (V) − Xt‖2F as ‖H‖ ≤ Lf , and the identity

α
2 ‖V − Ik‖2F = −〈V − Ik, αIk〉, which is due to Claim (c) of Lemma 2.2; step ­ uses Claim (b) of
Lemma 2.2; step ® uses the definition of T , (Gt − LfXt)(Xt)T − αIn in Algorithm 2; step ¯
uses Claim (a) of this theorem.

J Additional Experiments

In this section, we present the experimental results of the proposed OBCD algorithm on the three
tasks, namely `0 norm-based SPCA, `1 norm-based SPCA, and Nonnegative PCA using different
working set selection strategies.

J.1 Applications to `0 norm-based SPCA, Nonnegative PCA, and `1 norm-based SPCA

Since we have introduced `0 norm-based SPCA in Section 6, we now present nonnegative PCA and
`1 norm-based SPCA.

I Nonnegative PCA Nonnegative PCA is an extension of PCA that imposes nonnegativity con-
straints on the principal vector [46, 33]. This constraint leads to a nonnegative representation of
loading vectors and it helps to capture data locality in feature selection. Nonnegative PCA can
formulated as:

min
X∈St(n,r)

− 1
2 〈X,CX〉, s.t.X ≥ 0,

where C ∈ Rn×n is the covariance matrix of the data.

I L1 Norm-based SPCA. As the L1 norm provides the tightest convex relaxation for the L0-
norm over the unit ball in the sense of L∞-norm, some researchers replace the non-convex and
discontinuous L0 norm function as in (16) with a convex but non-smooth function [7, 39, 28]. This
leads to the following optimization problem of L1 norm-based SPCA:

min
X∈St(n,r)

− 1
2 〈X,CX〉+ λ‖X‖1,

where C ∈ Rn×n is the covariance matrix of the data, and λ > 0.
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J.2 Experiment Setting

We compare the objective values (F (X)− Fmin) for different methods after running t seconds with t
varying from 20 to 60, where the constant Fmin denotes the smallest objective of all the methods.

Initializations. We use the same initializations for all methods. (i) For the `0 and `1 norm-based
SPCA tasks, since the optimal solutions are expected to be sparse, we simply set X0 ∈ St(n, r) to
an identity matrix with X0

ij = 1 if i = j and otherwise 0. (ii) For the nonnegative PCA task, we
use a random nonnegative orthogonal matrix as X0, which can be generated using the following
strategy. We first randomly and uniformly partition the index vector [1, 2, ..., n] into r nonempty
groups {Gi}ri=1 with Gi being the index vector for the i-th group, then we set X0(Gi, i) = 1

|Gi| for all
i ∈ [r], where |Gi| is the number of elements for the i-th group.

Variants of OBCD. We consider three variants of OBCD using different working set selection
strategies: (i) OBCD-R that uses a simple random strategy; (ii) OBCD-CV that uses a greedy
strategy based on maximum stationarity violation pair, and (iii) OBCD-OR that uses a greedy
strategy based on objective reduction violation pair. We only consider |B| = k = 2. In order to solve
the subproblem for the `0 norm-based SPCA, `1 norm-based SPCA, and nonnegative PCA tasks, we
use a breakpoint searching method as presented in Section 5 and Section B.

J.3 Experiment Results on Three Tasks

I `0 Norm-based Sparse PCA

We compare OBCD against two state-of-the-art methods: (i) Linearized Alternating Direction
Method of Multiplier (LADMM) [22] and (ii) Smoothing Penalty Method (SPM) [22, 8]. We also
initialize OBCD-R with the result of LADMM (or SPM) and ran it for 10 seconds to evaluate its
effectiveness in improving the solution, leading to LADMM+OBCD-R (or SPM+OBCD-R). To
compute the subgradient Gt ∈ ∂F (Xt) at Xt for Algorithm 2, we choose Gt = −CXt + 0 as 0 is
the subgradient of the function λ‖X‖0.

Figure 4 shows the convergence curve of the compared methods with λ = 100. Table 2, 3, and 4
show the objective values (F (X) − Fmin) for different methods with varying λ ∈ {1, 300, 1000}.
Several conclusions can be drawn. (i) Due to the use of greedy strategy, OBCD-CV and OBCD-OR
often lead to faster convergence than OBCD-R for this task. (ii) OBCD-R often greatly improves
upon LADMM and SPM; this is because our methods find stronger stationary points than LADMM
and SPM. (iii) The proposed methods generally deliver the best performance.

I Nonnegative PCA

We compare OBCD against two state-of-the-art methods: (i) Linearized Alternating Direction
Method of Multiplier (LADMM) [15, 22] and (ii) Smoothing Penalty Method (SPM). We also
initialize OBCD-R with the result of LADMM (or SPM) and ran it for 10 seconds to evaluate its
effectiveness in improving the solution, leading to LADMM+OBCD-R (or SPM+OBCD-R). To
compute the subgradient Gt ∈ ∂F (Xt) at Xt for Algorithm 2, we choose Gt = −CXt + 0 as 0 is
the subgradient of I≥0(Xt).

Table 5 shows the comparisons of objective values and the violation of the constraints (F (X) −
Fmin, ‖min(0,X)‖F + ‖XTX − Ir‖F) for different methods. Two conclusions can be drawn. (i)
OBCD-CV and OBCD-OR are not as effective as OBCD-R in this task. This is because the matrix
0 may not be a suitable choice for the subgradient for the nonsmooth function I≥0(X). (ii) Feasibility
of our methods is achieved with ‖min(0,X)‖F + ‖XTX− Ir‖F ≤ 10−12. This is because OBCD
is a feasible method. (iii) The proposed methods generally give the best performance. (iv) OBCD-R
often greatly improve upon LADMM and SPM, as our methods find stronger stationary points than
LADMM and SPM.

I `1 Norm-based Sparse PCA

We compare OBCD against the following state-of-the-art methods: (i) Linearized Alternating Direc-
tion Method of Multiplier (LADMM) [15]; (ii) ADMM [22]; (iii) Riemannian Subgradient Method
(SubGrad) [23]; (iv) Manifold Proximal Gradient Method (ManPG) [6]. We also initialize OBCD-R
with the result of LADMM (or ManPG) and ran it for 10 seconds to evaluate its effectiveness in
improving the solution, leading to LADMM+OBCD-R (or ManPG+OBCD-R). To compute the
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subgradient Gt ∈ ∂F (Xt) at Xt for Algorithm 2, we choose Gt = −CXt + λsign(Xt) as sign(X)
is the subgradient of ‖X‖1.

Table 6, 7, and 8 show the comparisons of objective values (F (X)−Fmin) for different methods with
varying λ ∈ {1, 100, 1000}. Several conclusions can be drawn. (i) ManPG is generally faster than
LADMM, ADMM and SubGrad. This is consistent with the reported results in [6]. (ii) OBCD-OR
outperforms the other methods {LADMM, ADMM, SubGrad, ManPG} by achieving lower objective
values. (iii) OBCD-OR often greatly improve upon the LADMM and SPM.
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Figure 3: The convergence curve of the compared methods for solving L0 norm-based SPCA with
λ = 100.
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data-m-n Fmin r LADMM SPM OBCD-R OBCD-SV OBCD-OR LADMM SPM
+ OBCD-R +OBCD-R

λ = 1.00, time limit=10
w1a-2477-300 -6.0e+03 20 8.70e+02 4.98e+03 3.67e+01 3.39e+02 0.00e+00 3.45e+02(+) 7.40e+01(+)

TDT2-500-1000 1.6e+01 20 3.75e+00 3.75e+00 1.85e-02 2.06e-03 0.00e+00 1.85e-02(+) 1.85e-02(+)
20News-8000-1000 1.8e+01 20 1.66e+00 1.66e+00 2.19e-02 0.00e+00 0.00e+00 2.19e-02(+) 2.19e-02(+)
sector-6412-1000 -2.6e+01 20 4.27e+01 4.27e+01 1.65e+00 0.00e+00 2.60e-01 1.65e+00(+) 1.65e+00(+)
E2006-2000-1000 1.9e+01 20 6.36e-01 6.36e-01 5.00e-04 0.00e+00 3.40e-03 5.00e-04(+) 5.00e-04(+)
MNIST-60000-784 -3.4e+05 20 2.40e+04 3.41e+05 4.09e+04 0.00e+00 5.63e+03 1.46e+04(+) 4.09e+04(+)
Gisette-3000-1000 -1.1e+06 20 2.39e+04 2.28e+04 4.49e+04 0.00e+00 3.18e+04 1.47e+04(+) 1.38e+04(+)

CnnCaltech-3000-1000 -2.4e+03 20 8.26e+01 1.16e+03 7.44e+01 1.35e-01 5.04e+02 0.00e+00(+) 1.07e+01(+)
Cifar-1000-1000 -1.4e+05 20 6.99e+02 6.56e+01 1.04e+04 2.23e+03 5.39e+03 6.56e+02 0.00e+00(+)
randn-500-1000 -1.7e+04 20 1.90e-03 1.18e+03 7.60e+03 7.01e+03 6.49e+03 0.00e+00(+) 1.17e+03
w1a-2477-300 -8.6e+03 50 2.92e+03 2.46e+03 0.00e+00 7.11e+02 2.60e+02 1.99e+02(+) 2.73e+02(+)

TDT2-500-1000 4.6e+01 50 4.28e+00 4.28e+00 2.06e-02 3.43e-03 0.00e+00 9.60e-03(+) 2.06e-02(+)
20News-8000-1000 4.8e+01 50 8.56e-01 8.56e-01 5.04e-03 8.04e-04 0.00e+00 5.04e-03(+) 5.04e-03(+)
sector-6412-1000 -1.5e+01 50 5.99e+01 5.99e+01 1.18e-02 0.00e+00 4.60e-02 1.18e-02(+) 1.18e-02(+)
E2006-2000-1000 4.9e+01 50 6.64e-01 6.64e-01 2.13e-04 0.00e+00 2.51e-04 2.13e-04(+) 2.13e-04(+)
MNIST-60000-784 -3.5e+05 50 3.09e+04 3.28e+04 5.88e+04 0.00e+00 8.81e+02 2.21e+04(+) 2.32e+04(+)
Gisette-3000-1000 -1.1e+06 50 2.85e+04 2.47e+04 7.78e+04 0.00e+00 2.56e+04 8.31e+03(+) 3.41e+03(+)

CnnCaltech-3000-1000 -2.9e+03 50 4.22e+02 1.57e+03 1.35e+02 0.00e+00 5.89e+02 1.49e+02(+) 1.26e+02(+)
Cifar-1000-1000 -1.4e+05 50 3.34e+03 4.67e+01 9.69e+03 2.88e+03 5.36e+03 3.34e+03 0.00e+00(+)
randn-500-1000 -3.8e+04 50 2.26e-03 3.33e+03 1.99e+04 1.74e+04 1.75e+04 0.00e+00(+) 3.33e+03
w1a-2477-300 -1.2e+04 100 3.52e+03 3.26e+03 0.00e+00 4.81e+02 4.81e+02 7.65e+02(+) 3.06e+02(+)

TDT2-500-1000 9.5e+01 100 4.45e+00 4.45e+00 0.00e+00 1.10e-02 2.06e-02 0.00e+00(+) 0.00e+00(+)
20News-8000-1000 9.8e+01 100 9.25e-01 9.25e-01 0.00e+00 7.54e-04 8.98e-04 0.00e+00(+) 0.00e+00(+)
sector-6412-1000 1.6e+01 100 7.42e+01 7.42e+01 0.00e+00 8.65e-01 8.88e-02 0.00e+00(+) 0.00e+00(+)
E2006-2000-1000 9.9e+01 100 6.71e-01 6.71e-01 1.05e-05 0.00e+00 2.33e-04 1.05e-05(+) 1.05e-05(+)
MNIST-60000-784 -3.5e+05 100 1.93e+04 2.08e+04 4.40e+04 0.00e+00 5.29e+03 7.33e+03(+) 8.46e+03(+)
Gisette-3000-1000 -1.1e+06 100 4.86e+04 7.20e+04 8.01e+04 0.00e+00 1.29e+04 1.28e+04(+) 3.15e+04(+)

CnnCaltech-3000-1000 -3.5e+03 100 9.37e+02 1.98e+03 1.29e+01 1.57e+01 5.08e+02 5.26e+02(+) 0.00e+00(+)
Cifar-1000-1000 -1.4e+05 100 2.12e+04 1.96e+04 7.03e+03 0.00e+00 3.38e+03 2.12e+04 1.95e+04
randn-500-1000 -6.7e+04 100 2.03e-03 3.53e+04 3.42e+04 3.03e+04 2.98e+04 0.00e+00(+) 3.53e+04

λ = 1.00, time limit=20
w1a-2477-300 -6.0e+03 20 8.75e+02 4.99e+03 0.00e+00 4.22e+02 3.74e+01 3.26e+02(+) 6.99e+01(+)

TDT2-500-1000 1.6e+01 20 3.75e+00 3.75e+00 1.03e-02 0.00e+00 3.43e-03 1.10e-02(+) 1.10e-02(+)
20News-8000-1000 1.8e+01 20 1.66e+00 1.66e+00 7.62e-05 0.00e+00 0.00e+00 1.08e-02(+) 1.08e-02(+)
sector-6412-1000 -2.5e+01 20 4.25e+01 4.25e+01 8.84e-01 0.00e+00 6.83e-02 9.95e-01(+) 9.95e-01(+)
E2006-2000-1000 1.9e+01 20 6.38e-01 6.38e-01 0.00e+00 1.20e-03 4.92e-04 1.73e-03(+) 1.73e-03(+)
MNIST-60000-784 -3.4e+05 20 2.63e+04 3.43e+05 2.03e+04 0.00e+00 5.73e+03 1.47e+04(+) 3.43e+04(+)
Gisette-3000-1000 -1.1e+06 20 2.82e+04 2.71e+04 3.02e+04 0.00e+00 2.27e+04 1.82e+04(+) 1.71e+04(+)

CnnCaltech-3000-1000 -2.5e+03 20 1.69e+02 1.25e+03 5.65e+01 0.00e+00 4.84e+02 7.67e+01(+) 7.64e+01(+)
Cifar-1000-1000 -1.4e+05 20 7.09e+02 7.31e+01 9.22e+03 1.34e+03 5.01e+03 6.61e+02 0.00e+00(+)
randn-500-1000 -1.7e+04 20 2.02e-03 1.18e+03 7.29e+03 6.95e+03 6.42e+03 0.00e+00(+) 1.17e+03
w1a-2477-300 -8.6e+03 50 2.98e+03 2.52e+03 0.00e+00 5.80e+02 7.02e+01 2.93e+02(+) 3.06e+02(+)

TDT2-500-1000 4.6e+01 50 4.29e+00 4.29e+00 0.00e+00 2.74e-03 4.80e-03 1.17e-02(+) 1.17e-02(+)
20News-8000-1000 4.8e+01 50 8.55e-01 8.55e-01 2.79e-04 0.00e+00 0.00e+00 1.76e-03(+) 1.76e-03(+)
sector-6412-1000 -1.5e+01 50 6.01e+01 6.01e+01 5.54e-02 0.00e+00 3.70e-02 6.44e-02(+) 6.44e-02(+)
E2006-2000-1000 4.9e+01 50 6.64e-01 6.64e-01 5.06e-05 0.00e+00 0.00e+00 2.55e-04(+) 2.55e-04(+)
MNIST-60000-784 -3.6e+05 50 3.95e+04 4.14e+04 4.59e+04 0.00e+00 6.36e+03 3.06e+04(+) 3.16e+04(+)
Gisette-3000-1000 -1.1e+06 50 3.24e+04 2.86e+04 7.02e+04 0.00e+00 2.50e+04 1.23e+04(+) 7.33e+03(+)

CnnCaltech-3000-1000 -2.9e+03 50 3.67e+02 1.51e+03 0.00e+00 2.46e+01 4.73e+02 9.37e+01(+) 7.52e+01(+)
Cifar-1000-1000 -1.4e+05 50 3.35e+03 4.67e+01 8.98e+03 1.69e+03 5.10e+03 3.34e+03 0.00e+00(+)
randn-500-1000 -3.8e+04 50 2.25e-03 3.33e+03 1.98e+04 1.76e+04 1.74e+04 0.00e+00(+) 3.33e+03
w1a-2477-300 -1.2e+04 100 3.54e+03 3.28e+03 0.00e+00 5.14e+02 2.95e+02 6.96e+02(+) 3.23e+02(+)

TDT2-500-1000 9.5e+01 100 4.45e+00 4.45e+00 0.00e+00 0.00e+00 2.06e-03 3.43e-03(+) 3.43e-03(+)
20News-8000-1000 9.8e+01 100 9.26e-01 9.26e-01 5.67e-04 0.00e+00 1.10e-03 1.40e-03(+) 1.40e-03(+)
sector-6412-1000 1.6e+01 100 7.45e+01 7.45e+01 0.00e+00 1.28e-01 2.76e-01 2.50e-01(+) 2.50e-01(+)
E2006-2000-1000 9.9e+01 100 6.72e-01 6.72e-01 3.58e-05 0.00e+00 1.00e-04 3.60e-04(+) 3.60e-04(+)
MNIST-60000-784 -3.6e+05 100 2.70e+04 2.85e+04 4.69e+04 0.00e+00 6.40e+03 1.51e+04(+) 1.61e+04(+)
Gisette-3000-1000 -1.1e+06 100 4.51e+04 4.27e+04 7.71e+04 0.00e+00 1.38e+04 8.70e+03(+) 3.50e+03(+)

CnnCaltech-3000-1000 -3.6e+03 100 6.82e+02 2.01e+03 0.00e+00 1.14e+01 4.44e+02 2.79e+02(+) 2.52e+01(+)
Cifar-1000-1000 -1.4e+05 100 8.07e+03 2.79e+03 7.05e+03 0.00e+00 3.69e+03 8.06e+03 2.73e+03
randn-500-1000 -6.7e+04 100 2.04e-03 7.83e+03 3.41e+04 3.01e+04 3.02e+04 0.00e+00(+) 7.83e+03

λ = 1.00, time limit=30
w1a-2477-300 -6.1e+03 20 8.78e+02 4.99e+03 0.00e+00 4.78e+02 1.39e+02 3.18e+02(+) 5.09e+01(+)

TDT2-500-1000 1.6e+01 20 3.75e+00 3.75e+00 6.86e-03 0.00e+00 0.00e+00 1.10e-02(+) 1.10e-02(+)
20News-8000-1000 1.8e+01 20 1.66e+00 1.66e+00 0.00e+00 0.00e+00 0.00e+00 1.08e-02(+) 1.08e-02(+)
sector-6412-1000 -2.6e+01 20 4.27e+01 4.27e+01 0.00e+00 0.00e+00 1.42e-14 1.19e+00(+) 1.19e+00(+)
E2006-2000-1000 1.9e+01 20 6.38e-01 6.38e-01 0.00e+00 3.36e-04 3.36e-04 1.73e-03(+) 1.73e-03(+)
MNIST-60000-784 -3.4e+05 20 2.63e+04 3.43e+05 1.29e+04 0.00e+00 2.74e+03 1.49e+04(+) 3.61e+04(+)
Gisette-3000-1000 -1.1e+06 20 2.35e+04 2.24e+04 2.06e+04 0.00e+00 1.41e+04 1.34e+04(+) 1.25e+04(+)

CnnCaltech-3000-1000 -2.5e+03 20 1.43e+02 1.22e+03 0.00e+00 1.53e+01 3.15e+02 5.35e+01(+) 4.84e+01(+)
Cifar-1000-1000 -1.4e+05 20 7.10e+02 7.32e+01 8.90e+03 1.71e+03 4.79e+03 6.61e+02 0.00e+00(+)
randn-500-1000 -1.7e+04 20 1.99e-03 1.18e+03 7.15e+03 6.91e+03 6.73e+03 0.00e+00(+) 1.17e+03
w1a-2477-300 -8.6e+03 50 2.99e+03 2.53e+03 0.00e+00 6.30e+02 3.24e+01 2.98e+02(+) 3.56e+02(+)

TDT2-500-1000 4.6e+01 50 4.29e+00 4.29e+00 0.00e+00 3.43e-03 3.43e-03 1.23e-02(+) 1.44e-02(+)
20News-8000-1000 4.8e+01 50 8.55e-01 8.55e-01 6.77e-05 0.00e+00 0.00e+00 1.76e-03(+) 1.76e-03(+)
sector-6412-1000 -1.5e+01 50 6.00e+01 6.00e+01 3.79e-03 0.00e+00 1.25e-01 4.80e-02(+) 4.80e-02(+)
E2006-2000-1000 4.9e+01 50 6.64e-01 6.64e-01 0.00e+00 1.53e-05 0.00e+00 8.88e-05(+) 8.88e-05(+)
MNIST-60000-784 -3.6e+05 50 4.09e+04 4.28e+04 3.76e+04 0.00e+00 5.22e+03 3.19e+04(+) 3.31e+04(+)
Gisette-3000-1000 -1.1e+06 50 3.45e+04 3.07e+04 6.56e+04 0.00e+00 2.24e+04 1.43e+04(+) 9.52e+03(+)

CnnCaltech-3000-1000 -3.0e+03 50 4.87e+02 1.63e+03 6.71e+01 0.00e+00 5.21e+02 2.17e+02(+) 1.93e+02(+)
Cifar-1000-1000 -1.4e+05 50 3.35e+03 4.65e+01 8.48e+03 1.56e+03 4.86e+03 3.35e+03 0.00e+00(+)
randn-500-1000 -3.8e+04 50 2.26e-03 3.33e+03 1.97e+04 1.77e+04 1.73e+04 0.00e+00(+) 3.33e+03
w1a-2477-300 -1.2e+04 100 3.55e+03 3.29e+03 0.00e+00 5.28e+02 4.09e+02 8.37e+02(+) 3.17e+02(+)

TDT2-500-1000 9.5e+01 100 4.45e+00 4.45e+00 0.00e+00 0.00e+00 0.00e+00 4.80e-03(+) 4.80e-03(+)
20News-8000-1000 9.8e+01 100 9.26e-01 9.26e-01 9.31e-05 0.00e+00 1.69e-05 1.25e-03(+) 1.25e-03(+)
sector-6412-1000 1.6e+01 100 7.45e+01 7.45e+01 9.80e-03 1.50e-03 0.00e+00 2.72e-01(+) 2.72e-01(+)
E2006-2000-1000 9.9e+01 100 6.72e-01 6.72e-01 3.81e-05 0.00e+00 3.56e-04 4.16e-04(+) 4.16e-04(+)
MNIST-60000-784 -3.6e+05 100 2.64e+04 2.80e+04 4.42e+04 0.00e+00 2.36e+03 1.46e+04(+) 1.56e+04(+)
Gisette-3000-1000 -1.1e+06 100 4.89e+04 4.64e+04 7.75e+04 0.00e+00 1.10e+04 1.26e+04(+) 7.26e+03(+)

CnnCaltech-3000-1000 -3.6e+03 100 7.40e+02 2.07e+03 2.64e+01 0.00e+00 5.13e+02 3.36e+02(+) 8.59e+01(+)
Cifar-1000-1000 -1.4e+05 100 8.91e+03 3.56e+03 7.52e+03 0.00e+00 4.47e+03 8.90e+03 3.49e+03
randn-500-1000 -6.7e+04 100 2.03e-03 7.83e+03 3.41e+04 2.97e+04 3.02e+04 0.00e+00(+) 7.83e+03

Table 2: Comparisons of objective values (F (X) − Fmin) of L0 norm-based SPCA for all the
compared methods with λ = 1. The 1st, 2nd, and 3rd best results are colored with red, green and
blue, respectively. If the objective values of ‘LADMM+OBCD-R’ (or ‘SPM+OBCD-R’) are smaller
than those of ‘LADMM’ (or ‘SPM’) by a margin of 0.1× a, where a represents the objective values
of ‘LADMM’ (or ‘ManPG’), they will be marked with (+).
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data-m-n Fmin r LADMM SPM OBCD-R OBCD-SV OBCD-OR LADMM SPM
+ OBCD-R +OBCD-R

λ = 300.00, time limit=10
w1a-2477-300 1.3e+03 20 2.35e+03 3.90e+03 9.09e-13 9.09e-13 9.09e-13 9.09e-13(+) 0.00e+00(+)

TDT2-500-1000 6.0e+03 20 1.00e+00 6.82e-01 1.10e-02 0.00e+00 0.00e+00 2.19e-02(+) 2.19e-02(+)
20News-8000-1000 6.0e+03 20 3.71e-01 3.41e-01 1.08e-02 0.00e+00 0.00e+00 4.76e-03(+) 4.76e-03(+)
sector-6412-1000 6.0e+03 20 6.19e+02 3.05e+02 9.27e-01 3.06e-01 0.00e+00 3.01e+02(+) 3.01e+02
E2006-2000-1000 6.0e+03 20 1.20e+03 1.44e-01 1.03e-03 0.00e+00 4.95e-04 6.00e+02(+) 1.03e-03(+)
MNIST-60000-784 -1.8e+05 20 4.01e+04 1.82e+05 0.00e+00 1.73e+04 3.70e+04 1.46e+04(+) 0.00e+00(+)
Gisette-3000-1000 -7.7e+05 20 2.29e+04 4.28e+05 1.03e+05 0.00e+00 1.30e+04 1.08e+04(+) 3.13e+05(+)

CnnCaltech-3000-1000 5.4e+03 20 2.59e+03 1.42e+04 4.63e+00 2.62e-01 0.00e+00 1.15e+03(+) 9.73e+03(+)
Cifar-1000-1000 2.0e+03 20 4.15e+04 1.10e+03 1.81e+00 0.00e+00 0.00e+00 3.91e+04 1.81e+00(+)
randn-500-1000 1.4e+02 20 1.62e+04 1.51e+04 1.69e+01 0.00e+00 0.00e+00 5.09e+03(+) 3.93e+03(+)
w1a-2477-300 6.8e+03 50 5.26e+03 4.14e+03 3.64e-12 3.64e-12 3.64e-12 0.00e+00(+) 3.64e-12(+)

TDT2-500-1000 1.5e+04 50 9.01e+02 1.17e+00 7.54e-03 0.00e+00 6.86e-04 3.00e+02(+) 1.23e-02(+)
20News-8000-1000 1.5e+04 50 2.76e+04 3.85e-01 1.79e-03 0.00e+00 5.50e-04 1.11e+04(+) 4.40e-04(+)
sector-6412-1000 1.5e+04 50 2.12e+03 1.51e+03 7.02e-02 0.00e+00 1.33e-01 2.10e+03 1.20e+03(+)
E2006-2000-1000 1.5e+04 50 2.40e+03 1.42e-01 0.00e+00 1.02e-04 2.43e-04 2.10e+03(+) 1.11e-05(+)
MNIST-60000-784 -2.1e+05 50 6.06e+04 1.07e+05 0.00e+00 1.19e+04 3.98e+04 1.18e+04(+) 1.58e+04(+)
Gisette-3000-1000 -7.9e+05 50 2.18e+05 7.30e+05 9.65e+04 0.00e+00 8.62e+03 1.89e+05(+) 1.03e+05(+)

CnnCaltech-3000-1000 1.4e+04 50 1.14e+03 2.47e+03 4.09e-01 0.00e+00 6.09e-01 6.01e+02(+) 2.09e+03(+)
Cifar-1000-1000 5.1e+03 50 3.63e+04 2.38e+03 9.66e+00 0.00e+00 3.64e-12 3.34e+04 9.66e+00(+)
randn-500-1000 7.6e+02 50 2.93e+04 2.02e+03 4.90e+00 0.00e+00 1.73e+00 1.31e+04(+) 5.58e+02(+)
w1a-2477-300 1.8e+04 100 5.87e+03 6.01e+03 1.17e-05 3.00e+00 1.17e-05 1.17e-05(+) 0.00e+00(+)

TDT2-500-1000 3.0e+04 100 9.90e+03 1.20e+03 0.00e+00 6.86e-04 4.12e-03 8.70e+03(+) 6.00e+02(+)
20News-8000-1000 3.0e+04 100 1.20e+04 9.01e+02 0.00e+00 1.02e-03 1.80e-03 7.20e+03(+) 9.00e+02
sector-6412-1000 3.0e+04 100 1.23e+04 6.02e+03 0.00e+00 3.82e-01 3.60e-01 1.05e+04(+) 3.90e+03(+)
E2006-2000-1000 3.0e+04 100 1.17e+04 1.31e-01 1.51e-04 2.44e-04 2.79e-04 9.90e+03(+) 0.00e+00(+)
MNIST-60000-784 -2.6e+05 100 1.01e+05 2.25e+05 0.00e+00 1.79e+04 4.50e+04 1.92e+04(+) 3.04e+04(+)
Gisette-3000-1000 -8.3e+05 100 6.40e+04 7.13e+05 9.31e+04 0.00e+00 1.43e+04 1.58e+03(+) 9.92e+04(+)

CnnCaltech-3000-1000 2.8e+04 100 1.54e+03 4.88e+03 0.00e+00 9.84e-01 5.11e-02 6.00e+02(+) 3.51e+03(+)
Cifar-1000-1000 1.1e+04 100 3.43e+04 3.82e+03 1.33e+01 0.00e+00 2.24e+00 2.84e+04(+) 1.33e+01(+)
randn-500-1000 2.1e+03 100 3.63e+04 2.90e+03 1.12e+00 0.00e+00 1.09e+00 2.05e+04(+) 2.67e+02(+)

λ = 300.00, time limit=20
w1a-2477-300 1.3e+03 20 2.35e+03 3.90e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 6.0e+03 20 1.00e+00 6.82e-01 1.03e-02 0.00e+00 0.00e+00 2.19e-02(+) 2.19e-02(+)
20News-8000-1000 6.0e+03 20 3.71e-01 3.41e-01 7.62e-05 0.00e+00 0.00e+00 4.76e-03(+) 4.76e-03(+)
sector-6412-1000 6.0e+03 20 6.20e+02 3.06e+02 1.08e+00 0.00e+00 0.00e+00 3.01e+02(+) 3.01e+02
E2006-2000-1000 6.0e+03 20 1.20e+03 1.45e-01 0.00e+00 1.61e-04 3.36e-04 6.00e+02(+) 1.73e-03(+)
MNIST-60000-784 -1.8e+05 20 4.54e+04 1.87e+05 0.00e+00 1.28e+04 4.01e+04 2.09e+04(+) 5.36e+03(+)
Gisette-3000-1000 -7.7e+05 20 2.75e+04 4.32e+05 1.04e+05 0.00e+00 1.18e+04 1.50e+04(+) 3.16e+05(+)

CnnCaltech-3000-1000 5.4e+03 20 2.59e+03 1.42e+04 3.00e+00 2.62e-01 0.00e+00 1.15e+03(+) 9.73e+03(+)
Cifar-1000-1000 2.0e+03 20 4.15e+04 1.10e+03 9.33e-01 0.00e+00 9.09e-13 3.91e+04 1.81e+00(+)
randn-500-1000 1.4e+02 20 1.62e+04 1.51e+04 6.40e+00 0.00e+00 0.00e+00 5.09e+03(+) 3.93e+03(+)
w1a-2477-300 6.8e+03 50 5.26e+03 4.14e+03 1.82e-12 1.82e-12 1.82e-12 0.00e+00(+) 1.82e-12(+)

TDT2-500-1000 1.5e+04 50 9.01e+02 1.17e+00 0.00e+00 2.74e-03 4.80e-03 3.00e+02(+) 1.65e-02(+)
20News-8000-1000 1.5e+04 50 2.76e+04 3.86e-01 6.77e-04 3.98e-04 0.00e+00 1.11e+04(+) 8.13e-04(+)
sector-6412-1000 1.5e+04 50 2.12e+03 1.51e+03 6.12e-02 1.66e-01 0.00e+00 2.10e+03 1.20e+03(+)
E2006-2000-1000 1.5e+04 50 2.40e+03 1.42e-01 1.61e-04 0.00e+00 6.30e-05 2.10e+03(+) 1.95e-04(+)
MNIST-60000-784 -2.2e+05 50 6.61e+04 1.12e+05 0.00e+00 8.39e+03 4.46e+04 1.61e+04(+) 2.12e+04(+)
Gisette-3000-1000 -7.9e+05 50 2.09e+05 7.34e+05 9.61e+04 0.00e+00 8.37e+03 1.80e+05(+) 1.07e+05(+)

CnnCaltech-3000-1000 1.4e+04 50 1.14e+03 2.47e+03 3.68e-01 0.00e+00 3.68e-01 6.01e+02(+) 2.09e+03(+)
Cifar-1000-1000 5.1e+03 50 3.63e+04 2.38e+03 3.78e+00 1.82e-12 0.00e+00 3.34e+04 9.66e+00(+)
randn-500-1000 7.6e+02 50 2.93e+04 2.02e+03 2.34e+00 0.00e+00 1.31e+00 1.28e+04(+) 5.59e+02(+)
w1a-2477-300 1.8e+04 100 5.87e+03 6.01e+03 3.48e-05 3.48e-05 3.48e-05 3.48e-05(+) 0.00e+00(+)

TDT2-500-1000 3.0e+04 100 9.90e+03 1.20e+03 0.00e+00 6.86e-04 2.06e-03 8.70e+03(+) 6.00e+02(+)
20News-8000-1000 3.0e+04 100 1.20e+04 9.01e+02 5.17e-04 0.00e+00 9.74e-04 7.20e+03(+) 9.00e+02
sector-6412-1000 3.0e+04 100 1.23e+04 6.02e+03 2.12e-02 0.00e+00 3.71e-01 1.05e+04(+) 3.90e+03(+)
E2006-2000-1000 3.0e+04 100 1.17e+04 1.31e-01 6.55e-05 0.00e+00 2.58e-05 9.90e+03(+) 2.39e-04(+)
MNIST-60000-784 -2.6e+05 100 1.08e+05 2.33e+05 0.00e+00 1.92e+04 4.84e+04 2.68e+04(+) 3.88e+04(+)
Gisette-3000-1000 -8.4e+05 100 7.16e+04 7.20e+05 9.50e+04 0.00e+00 9.73e+03 9.05e+03(+) 1.05e+05(+)

CnnCaltech-3000-1000 2.8e+04 100 1.54e+03 4.88e+03 3.33e-01 2.94e-01 0.00e+00 6.01e+02(+) 3.52e+03(+)
Cifar-1000-1000 1.1e+04 100 3.43e+04 3.82e+03 4.20e+00 0.00e+00 4.58e+00 2.85e+04(+) 1.77e+01(+)
randn-500-1000 2.1e+03 100 3.63e+04 2.91e+03 9.40e-01 0.00e+00 2.20e+00 2.05e+04(+) 2.72e+02(+)

λ = 300.00, time limit=30
w1a-2477-300 1.3e+03 20 2.35e+03 3.90e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 6.0e+03 20 1.00e+00 6.82e-01 6.86e-03 0.00e+00 3.43e-03 2.19e-02(+) 2.19e-02(+)
20News-8000-1000 6.0e+03 20 3.71e-01 3.41e-01 0.00e+00 0.00e+00 0.00e+00 4.76e-03(+) 4.76e-03(+)
sector-6412-1000 6.0e+03 20 6.20e+02 3.06e+02 0.00e+00 0.00e+00 0.00e+00 3.01e+02(+) 3.01e+02
E2006-2000-1000 6.0e+03 20 1.20e+03 1.45e-01 0.00e+00 3.36e-04 0.00e+00 6.00e+02(+) 1.73e-03(+)
MNIST-60000-784 -1.8e+05 20 4.69e+04 1.88e+05 0.00e+00 2.80e+04 4.05e+04 2.14e+04(+) 6.85e+03(+)
Gisette-3000-1000 -7.7e+05 20 2.71e+04 4.32e+05 1.01e+05 0.00e+00 9.38e+03 1.53e+04(+) 3.14e+05(+)

CnnCaltech-3000-1000 5.4e+03 20 2.59e+03 1.42e+04 1.91e+00 0.00e+00 2.62e-01 1.15e+03(+) 9.73e+03(+)
Cifar-1000-1000 2.0e+03 20 4.15e+04 1.10e+03 1.38e-01 0.00e+00 0.00e+00 3.91e+04 1.81e+00(+)
randn-500-1000 1.4e+02 20 1.62e+04 1.51e+04 9.61e-01 0.00e+00 1.82e-12 5.09e+03(+) 3.93e+03(+)
w1a-2477-300 6.8e+03 50 5.26e+03 4.14e+03 1.82e-12 1.82e-12 1.82e-12 0.00e+00(+) 1.82e-12(+)

TDT2-500-1000 1.5e+04 50 9.01e+02 1.17e+00 0.00e+00 0.00e+00 6.86e-03 3.00e+02(+) 1.71e-02(+)
20News-8000-1000 1.5e+04 50 2.76e+04 3.86e-01 4.66e-04 0.00e+00 0.00e+00 1.11e+04(+) 8.13e-04(+)
sector-6412-1000 1.5e+04 50 2.12e+03 1.51e+03 2.60e-02 0.00e+00 1.41e-01 2.10e+03 1.20e+03(+)
E2006-2000-1000 1.5e+04 50 2.40e+03 1.42e-01 6.30e-05 0.00e+00 6.30e-05 2.10e+03(+) 1.63e-04(+)
MNIST-60000-784 -2.2e+05 50 7.01e+04 1.16e+05 0.00e+00 2.20e+04 4.82e+04 2.15e+04(+) 2.62e+04(+)
Gisette-3000-1000 -8.0e+05 50 2.17e+05 7.41e+05 9.95e+04 0.00e+00 1.21e+04 1.89e+05(+) 1.13e+05(+)

CnnCaltech-3000-1000 1.4e+04 50 1.14e+03 2.47e+03 3.54e-01 0.00e+00 0.00e+00 6.01e+02(+) 2.09e+03(+)
Cifar-1000-1000 5.1e+03 50 3.63e+04 2.38e+03 3.65e+00 3.64e-12 0.00e+00 3.34e+04 9.66e+00(+)
randn-500-1000 7.6e+02 50 2.93e+04 2.02e+03 7.15e-01 9.00e-01 0.00e+00 1.28e+04(+) 5.59e+02(+)
w1a-2477-300 1.8e+04 100 5.87e+03 6.01e+03 4.46e-06 4.46e-06 4.46e-06 4.46e-06(+) 0.00e+00(+)

TDT2-500-1000 3.0e+04 100 9.90e+03 1.20e+03 0.00e+00 2.06e-03 2.74e-03 8.70e+03(+) 6.00e+02(+)
20News-8000-1000 3.0e+04 100 1.20e+04 9.01e+02 2.62e-04 0.00e+00 9.48e-04 7.20e+03(+) 9.00e+02
sector-6412-1000 3.0e+04 100 1.23e+04 6.02e+03 0.00e+00 6.26e-02 1.73e-01 1.05e+04(+) 4.20e+03(+)
E2006-2000-1000 3.0e+04 100 1.17e+04 1.31e-01 0.00e+00 1.10e-04 2.39e-04 9.90e+03(+) 2.42e-04(+)
MNIST-60000-784 -2.6e+05 100 1.09e+05 2.34e+05 0.00e+00 2.08e+04 4.91e+04 2.94e+04(+) 4.34e+04(+)
Gisette-3000-1000 -8.4e+05 100 7.56e+04 7.24e+05 9.50e+04 0.00e+00 1.18e+04 1.52e+04(+) 1.12e+05(+)

CnnCaltech-3000-1000 2.8e+04 100 1.54e+03 4.88e+03 2.36e-01 1.54e-02 0.00e+00 6.02e+02(+) 3.52e+03(+)
Cifar-1000-1000 1.1e+04 100 3.43e+04 3.82e+03 3.34e+00 0.00e+00 6.39e-01 2.88e+04(+) 1.97e+01(+)
randn-500-1000 2.1e+03 100 3.63e+04 2.91e+03 8.94e-01 0.00e+00 3.11e+00 2.17e+04(+) 2.80e+02(+)

Table 3: Comparisons of objective values (F (X) − Fmin) of L0 norm-based SPCA for all the
compared methods with λ = 300. The 1st, 2nd, and 3rd best results are colored with red, green and
blue, respectively. If the objective values of ‘LADMM+OBCD-R’ (or ‘SPM+OBCD-R’) are smaller
than those of ‘LADMM’ (or ‘SPM’) by a margin of 0.1× a, where a represents the objective values
of ‘LADMM’ (or ‘ManPG’), they will be marked with (+).
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data-m-n Fmin r LADMM SPM OBCD-R OBCD-SV OBCD-OR LADMM SPM
+ OBCD-R +OBCD-R

λ = 1000.00, time limit=10
w1a-2477-300 1.5e+04 20 2.64e+03 3.90e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 2.0e+04 20 1.00e+03 6.82e-01 1.85e-02 0.00e+00 1.71e-02 1.00e+03 2.95e-02(+)
20News-8000-1000 2.0e+04 20 3.00e+03 3.00e+03 2.19e-02 0.00e+00 0.00e+00 3.00e+03 1.00e+03(+)
sector-6412-1000 2.0e+04 20 3.01e+03 3.00e+03 1.65e+00 0.00e+00 2.60e-01 3.00e+03 3.00e+03
E2006-2000-1000 2.0e+04 20 1.00e+03 1.15e-01 9.69e-04 0.00e+00 2.75e-04 1.00e+03 9.69e-04(+)
MNIST-60000-784 -6.3e+04 20 9.86e+04 8.25e+04 0.00e+00 7.62e+03 1.73e+04 3.81e+04(+) 2.88e+02(+)
Gisette-3000-1000 -2.2e+05 20 6.15e+05 2.20e+05 1.19e+03 0.00e+00 1.50e+03 5.26e+05(+) 1.10e+04(+)

CnnCaltech-3000-1000 1.9e+04 20 1.41e+04 3.09e+04 4.63e+00 0.00e+00 0.00e+00 7.94e+03(+) 1.99e+04(+)
Cifar-1000-1000 1.6e+04 20 1.81e+04 1.10e+03 3.03e+00 0.00e+00 0.00e+00 1.40e+04(+) 3.03e+00(+)
randn-500-1000 1.4e+04 20 2.34e+04 5.81e+04 1.57e+01 0.00e+00 1.24e+00 1.27e+04(+) 1.86e+04(+)
w1a-2477-300 4.2e+04 50 5.09e+03 4.79e+03 0.00e+00 0.00e+00 5.00e-01 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 5.0e+04 50 9.00e+03 4.00e+03 4.12e-03 1.51e-02 0.00e+00 7.00e+03(+) 4.00e+03
20News-8000-1000 5.0e+04 50 2.60e+04 2.00e+03 2.16e-03 3.05e-04 0.00e+00 8.00e+03(+) 2.00e+03
sector-6412-1000 5.0e+04 50 7.02e+03 3.00e+03 0.00e+00 7.31e-02 7.31e-02 5.00e+03(+) 3.00e+03
E2006-2000-1000 5.0e+04 50 8.00e+03 1.00e-01 2.92e-04 2.11e-04 0.00e+00 8.00e+03 2.79e-04(+)
MNIST-60000-784 -8.6e+04 50 1.01e+05 1.92e+05 0.00e+00 8.98e+03 2.03e+04 1.81e+02(+) 6.62e+04(+)
Gisette-3000-1000 -2.3e+05 50 7.24e+05 2.08e+05 1.16e+04 0.00e+00 2.81e+03 8.56e+05 1.01e+04(+)

CnnCaltech-3000-1000 4.9e+04 50 6.46e+03 3.23e+04 4.09e-01 0.00e+00 0.00e+00 3.97e+03(+) 2.39e+04(+)
Cifar-1000-1000 4.0e+04 50 2.64e+04 2.38e+03 8.20e+00 0.00e+00 0.00e+00 2.40e+04 8.20e+00(+)
randn-500-1000 3.6e+04 50 4.59e+04 9.36e+03 5.69e+00 2.43e+00 0.00e+00 3.45e+04(+) 5.89e+03(+)
w1a-2477-300 8.8e+04 100 5.95e+03 9.30e+03 0.00e+00 0.00e+00 5.00e-01 0.00e+00(+) 2.50e+00(+)

TDT2-500-1000 1.0e+05 100 5.00e+03 4.00e+03 0.00e+00 1.37e-03 1.92e-02 5.00e+03 4.00e+03
20News-8000-1000 1.0e+05 100 1.80e+04 1.00e+03 0.00e+00 1.24e-03 2.54e-03 1.70e+04 1.19e-04(+)
sector-6412-1000 1.0e+05 100 2.60e+04 2.40e+04 0.00e+00 6.34e-01 4.86e-01 1.90e+04(+) 2.40e+04
E2006-2000-1000 1.0e+05 100 5.20e+04 1.07e-01 2.16e-04 0.00e+00 4.25e-04 3.80e+04(+) 1.46e-04(+)
MNIST-60000-784 -1.2e+05 100 1.65e+05 2.02e+05 0.00e+00 2.03e+04 3.03e+04 1.14e+04(+) 7.02e+03(+)
Gisette-3000-1000 -2.4e+05 100 2.96e+04 2.01e+05 1.25e+04 0.00e+00 6.70e+02 5.66e+03(+) 1.38e+04(+)

CnnCaltech-3000-1000 9.8e+04 100 6.84e+03 1.67e+04 0.00e+00 1.40e+00 1.87e+00 5.99e+03(+) 1.59e+04
Cifar-1000-1000 8.1e+04 100 7.16e+04 3.82e+03 1.51e+01 0.00e+00 5.56e+00 3.39e+04(+) 1.51e+01(+)
randn-500-1000 7.2e+04 100 1.05e+05 8.62e+03 3.29e+00 0.00e+00 4.35e+00 9.80e+04 3.91e+03(+)

λ = 1000.00, time limit=20
w1a-2477-300 1.5e+04 20 2.64e+03 3.90e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 2.0e+04 20 1.00e+03 6.82e-01 1.03e-02 1.51e-02 0.00e+00 1.00e+03 2.19e-02(+)
20News-8000-1000 2.0e+04 20 3.00e+03 3.00e+03 7.62e-05 0.00e+00 0.00e+00 3.00e+03 1.00e+03(+)
sector-6412-1000 2.0e+04 20 3.01e+03 3.00e+03 1.08e+00 0.00e+00 0.00e+00 3.00e+03 3.00e+03
E2006-2000-1000 2.0e+04 20 1.00e+03 1.16e-01 0.00e+00 6.66e-04 4.34e-04 1.00e+03 1.73e-03(+)
MNIST-60000-784 -6.6e+04 20 1.02e+05 8.60e+04 0.00e+00 6.08e+03 1.80e+04 4.05e+04(+) 2.39e+03(+)
Gisette-3000-1000 -2.2e+05 20 6.09e+05 2.21e+05 0.00e+00 2.07e+03 1.52e+03 5.20e+05(+) 1.13e+04(+)

CnnCaltech-3000-1000 1.9e+04 20 1.41e+04 3.09e+04 3.00e+00 0.00e+00 0.00e+00 7.94e+03(+) 1.89e+04(+)
Cifar-1000-1000 1.6e+04 20 1.81e+04 1.10e+03 9.33e-01 0.00e+00 0.00e+00 1.00e+04(+) 1.81e+00(+)
randn-500-1000 1.4e+04 20 2.34e+04 5.81e+04 6.92e+00 0.00e+00 1.82e-12 1.27e+04(+) 1.47e+04(+)
w1a-2477-300 4.2e+04 50 5.09e+03 4.79e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 5.0e+04 50 9.00e+03 4.00e+03 0.00e+00 0.00e+00 4.80e-03 7.00e+03(+) 4.00e+03
20News-8000-1000 5.0e+04 50 2.60e+04 2.00e+03 5.76e-04 3.73e-04 0.00e+00 8.00e+03(+) 2.00e+03
sector-6412-1000 5.0e+04 50 7.02e+03 3.00e+03 0.00e+00 8.58e-02 2.87e-02 5.00e+03(+) 3.00e+03
E2006-2000-1000 5.0e+04 50 8.00e+03 1.00e-01 1.25e-04 0.00e+00 2.81e-04 8.00e+03 3.17e-04(+)
MNIST-60000-784 -9.2e+04 50 1.06e+05 1.17e+05 0.00e+00 1.03e+04 1.68e+04 6.41e+03(+) 1.87e+04(+)
Gisette-3000-1000 -2.3e+05 50 5.82e+05 2.09e+05 9.98e+03 0.00e+00 2.49e+03 4.98e+05(+) 1.22e+04(+)

CnnCaltech-3000-1000 4.9e+04 50 6.46e+03 1.93e+04 3.68e-01 0.00e+00 0.00e+00 3.97e+03(+) 1.19e+04(+)
Cifar-1000-1000 4.0e+04 50 2.64e+04 2.38e+03 3.78e+00 0.00e+00 7.28e-12 2.40e+04 9.66e+00(+)
randn-500-1000 3.6e+04 50 4.59e+04 9.36e+03 2.49e+00 5.36e-01 0.00e+00 3.45e+04(+) 5.89e+03(+)
w1a-2477-300 8.8e+04 100 5.95e+03 9.30e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 2.50e+00(+)

TDT2-500-1000 1.0e+05 100 5.00e+03 4.00e+03 6.86e-04 2.06e-03 0.00e+00 5.00e+03 4.00e+03
20News-8000-1000 1.0e+05 100 1.80e+04 1.00e+03 0.00e+00 8.04e-04 6.10e-04 1.70e+04 9.48e-04(+)
sector-6412-1000 1.0e+05 100 2.60e+04 2.40e+04 0.00e+00 3.08e-01 4.34e-01 1.90e+04(+) 2.40e+04
E2006-2000-1000 1.0e+05 100 5.20e+04 1.07e-01 0.00e+00 9.01e-05 4.69e-05 3.80e+04(+) 2.54e-04(+)
MNIST-60000-784 -1.2e+05 100 1.69e+05 2.05e+05 0.00e+00 2.34e+04 2.16e+04 1.53e+04(+) 1.09e+04(+)
Gisette-3000-1000 -2.5e+05 100 3.28e+04 2.04e+05 1.26e+04 0.00e+00 1.35e+03 8.83e+03(+) 1.66e+04(+)

CnnCaltech-3000-1000 9.8e+04 100 6.84e+03 1.67e+04 0.00e+00 7.36e-02 1.20e-01 5.99e+03(+) 1.59e+04
Cifar-1000-1000 8.1e+04 100 7.16e+04 3.82e+03 4.20e+00 0.00e+00 4.40e+00 3.29e+04(+) 1.77e+01(+)
randn-500-1000 7.2e+04 100 1.05e+05 8.63e+03 0.00e+00 8.01e-01 1.94e+00 9.80e+04 3.91e+03(+)

λ = 1000.00, time limit=30
w1a-2477-300 1.5e+04 20 2.64e+03 3.90e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 2.0e+04 20 1.00e+03 6.82e-01 1.03e-02 0.00e+00 0.00e+00 1.00e+03 2.95e-02(+)
20News-8000-1000 2.0e+04 20 3.00e+03 3.00e+03 7.62e-05 0.00e+00 0.00e+00 3.00e+03 1.00e+03(+)
sector-6412-1000 2.0e+04 20 3.01e+03 3.00e+03 8.73e-01 0.00e+00 0.00e+00 3.00e+03 3.00e+03
E2006-2000-1000 2.0e+04 20 1.00e+03 1.16e-01 9.75e-05 4.33e-04 0.00e+00 1.00e+03 1.83e-03(+)
MNIST-60000-784 -6.7e+04 20 1.03e+05 8.70e+04 0.00e+00 1.17e+04 2.34e+04 4.14e+04(+) 4.76e+03(+)
Gisette-3000-1000 -2.2e+05 20 6.09e+05 2.22e+05 3.02e+02 0.00e+00 1.81e+03 5.21e+05(+) 1.25e+04(+)

CnnCaltech-3000-1000 1.9e+04 20 1.41e+04 3.09e+04 2.22e+00 0.00e+00 0.00e+00 7.94e+03(+) 1.99e+04(+)
Cifar-1000-1000 1.6e+04 20 1.81e+04 1.10e+03 1.38e-01 1.82e-12 0.00e+00 1.40e+04(+) 3.03e+00(+)
randn-500-1000 1.4e+04 20 2.34e+04 5.81e+04 2.17e+00 0.00e+00 1.82e-12 1.37e+04(+) 1.86e+04(+)
w1a-2477-300 4.2e+04 50 5.09e+03 4.79e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 5.0e+04 50 9.00e+03 4.00e+03 0.00e+00 7.54e-03 6.86e-04 7.00e+03(+) 4.00e+03
20News-8000-1000 5.0e+04 50 2.60e+04 2.00e+03 5.33e-04 6.27e-04 0.00e+00 9.00e+03(+) 2.00e+03
sector-6412-1000 5.0e+04 50 7.02e+03 3.00e+03 1.83e-02 1.00e-01 0.00e+00 5.00e+03(+) 3.00e+03
E2006-2000-1000 5.0e+04 50 8.00e+03 1.00e-01 9.50e-05 2.09e-05 0.00e+00 8.00e+03 3.53e-04(+)
MNIST-60000-784 -9.2e+04 50 1.07e+05 1.17e+05 0.00e+00 7.67e+03 1.77e+04 7.37e+03(+) 1.98e+04(+)
Gisette-3000-1000 -2.3e+05 50 6.32e+05 2.10e+05 1.02e+04 0.00e+00 2.81e+03 4.04e+05(+) 1.27e+04(+)

CnnCaltech-3000-1000 4.9e+04 50 6.46e+03 1.93e+04 3.68e-01 0.00e+00 6.14e-01 3.97e+03(+) 1.39e+04(+)
Cifar-1000-1000 4.0e+04 50 2.64e+04 2.38e+03 3.65e+00 0.00e+00 7.28e-12 2.40e+04 1.50e+01(+)
randn-500-1000 3.6e+04 50 4.59e+04 9.36e+03 8.90e-01 0.00e+00 7.13e-01 3.55e+04(+) 7.86e+03(+)
w1a-2477-300 8.8e+04 100 5.95e+03 9.30e+03 0.00e+00 0.00e+00 0.00e+00 0.00e+00(+) 9.73e+02(+)

TDT2-500-1000 1.0e+05 100 5.00e+03 4.00e+03 0.00e+00 1.37e-03 6.86e-04 5.00e+03 4.00e+03
20News-8000-1000 1.0e+05 100 1.80e+04 1.00e+03 2.46e-04 0.00e+00 2.54e-05 1.70e+04 1.00e+03
sector-6412-1000 1.0e+05 100 2.60e+04 2.40e+04 1.89e-02 0.00e+00 2.12e-01 2.00e+04(+) 2.40e+04
E2006-2000-1000 1.0e+05 100 5.20e+04 1.07e-01 2.37e-05 0.00e+00 1.58e-04 3.90e+04(+) 3.69e-04(+)
MNIST-60000-784 -1.2e+05 100 1.69e+05 2.06e+05 0.00e+00 1.51e+04 2.11e+04 1.73e+04(+) 1.39e+04(+)
Gisette-3000-1000 -2.5e+05 100 3.35e+04 2.05e+05 1.30e+04 0.00e+00 2.21e+03 9.74e+03(+) 1.89e+04(+)

CnnCaltech-3000-1000 9.8e+04 100 6.84e+03 1.67e+04 1.49e-01 0.00e+00 1.14e+00 5.99e+03(+) 1.59e+04
Cifar-1000-1000 8.1e+04 100 7.16e+04 3.82e+03 3.34e+00 0.00e+00 0.00e+00 3.49e+04(+) 1.97e+01(+)
randn-500-1000 7.2e+04 100 1.05e+05 8.63e+03 1.45e+00 0.00e+00 4.08e+00 1.00e+05 3.92e+03(+)

Table 4: Comparisons of objective values (F (X) − Fmin) of L0 norm-based SPCA for all the
compared methods with λ = 1000. The 1st, 2nd, and 3rd best results are colored with red, green and
blue, respectively. If the objective values of ‘LADMM+OBCD-R’ (or ‘SPM+OBCD-R’) are smaller
than those of ‘LADMM’ (or ‘SPM’) by a margin of 0.1× a, where a represents the objective values
of ‘LADMM’ (or ‘ManPG’), they will be marked with (+).
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data-m-n Fmin r LADMM SPM OBCD-R OBCD-SV OBCD-OR LADMM SPM
+ OBCD-R +OBCD-R

time limit=10
w1a-2477-300 -5.2e+03 10 5.14e+02, 2e-13 1.29e+03, 1e-05 2.77e+02, 6e-14 5.00e+02, 2e-14 1.77e+02, 2e-14 0.00e+00, 2e-13(+) 1.93e+02, 1e-05(+)

TDT2-500-1000 -3.5e+00 10 9.22e-01, 1e-14 9.39e-01, 5e-05 1.59e+00, 1e-14 0.00e+00, 3e-14 2.67e-02, 3e-14 6.50e-01, 4e-14(+) 6.56e-01, 5e-05(+)
20News-8000-1000 -1.5e+00 10 5.03e-01, 4e-14 5.16e-01, 1e-04 8.90e-01, 9e-14 0.00e+00, 5e-14 7.71e-03, 4e-14 2.87e-01, 1e-13(+) 3.46e-01, 1e-04(+)
sector-6412-1000 -3.4e+01 10 2.03e+00, 2e-08 2.28e+00, 3e-04 1.52e+01, 7e-14 0.00e+00, 5e-14 6.37e-02, 5e-14 1.03e+00, 2e-08(+) 1.13e+00, 3e-04(+)
E2006-2000-1000 -6.2e-01 10 1.18e-01, 4e-15 1.20e-01, 6e-05 4.19e-01, 2e-14 0.00e+00, 1e-13 2.68e-05, 6e-14 8.37e-02, 4e-14(+) 1.01e-01, 6e-05(+)
MNIST-60000-784 -2.5e+05 10 4.23e+04, 9e-10 6.51e+04, 5e-04 5.98e+02, 7e-15 4.60e+03, 2e-15 3.83e+03, 1e-15 0.00e+00, 9e-10(+) 2.14e+04, 5e-04(+)
Gisette-3000-1000 -1.0e+06 10 4.55e+04, 8e-10 3.89e+04, 7e-04 0.00e+00, 6e-15 3.18e+03, 2e-15 3.64e+03, 2e-15 7.47e+03, 8e-10(+) 4.05e+03, 7e-04(+)

CnnCaltech-3000-1000 -3.4e+03 10 9.82e+02, 1e-14 7.56e+02, 5e-04 0.00e+00, 6e-15 8.11e+01, 2e-15 1.09e+02, 2e-15 4.91e+02, 4e-14(+) 1.89e+02, 5e-04(+)
Cifar-1000-1000 -1.4e+05 10 1.63e+04, 2e-09 2.27e+04, 6e-04 0.00e+00, 5e-15 4.17e+02, 2e-15 3.73e+02, 2e-15 9.84e+03, 2e-09(+) 4.20e+03, 6e-04(+)
randn-500-1000 -6.8e+03 10 6.38e+02, 2e-11 2.80e+02, 5e-04 3.05e+02, 6e-15 5.60e+02, 2e-15 5.50e+02, 4e-15 2.68e+02, 2e-11(+) 0.00e+00, 5e-04(+)
w1a-2477-300 -6.6e+03 20 1.94e+03, 1e-12 2.62e+03, 4e-05 3.13e+02, 5e-14 1.85e+02, 2e-14 2.96e+02, 7e-15 0.00e+00, 1e-12(+) 4.21e+02, 4e-05(+)

TDT2-500-1000 -3.9e+00 20 1.04e+00, 2e-08 1.05e+00, 3e-04 1.65e+00, 8e-15 0.00e+00, 2e-14 5.94e-02, 1e-14 6.78e-01, 2e-08(+) 7.34e-01, 3e-04(+)
20News-8000-1000 -1.7e+00 20 6.52e-01, 3e-08 6.68e-01, 7e-05 7.88e-01, 5e-14 0.00e+00, 5e-14 5.28e-02, 3e-14 4.56e-01, 3e-08(+) 5.13e-01, 7e-05(+)
sector-6412-1000 -4.6e+01 20 4.84e+00, 1e-07 4.86e+00, 7e-04 2.03e+01, 5e-14 0.00e+00, 5e-14 3.92e-01, 3e-14 2.11e+00, 1e-07(+) 2.43e+00, 7e-04(+)
E2006-2000-1000 -6.5e-01 20 1.42e-01, 7e-15 1.45e-01, 9e-05 3.17e-01, 1e-14 0.00e+00, 5e-14 5.53e-04, 2e-14 1.00e-01, 2e-14(+) 1.22e-01, 9e-05(+)
MNIST-60000-784 -2.7e+05 20 6.64e+04, 7e-12 2.49e+05, 6e-04 0.00e+00, 5e-15 2.51e+03, 1e-15 3.92e+03, 1e-15 4.75e+04, 7e-12(+) 1.13e+04, 6e-04(+)
Gisette-3000-1000 -1.0e+06 20 2.22e+05, 1e-08 3.51e+04, 1e-03 0.00e+00, 3e-15 8.37e+03, 1e-15 1.09e+04, 7e-16 5.96e+04, 1e-08(+) 8.33e+03, 1e-03(+)

CnnCaltech-3000-1000 -3.6e+03 20 1.43e+03, 4e-12 1.30e+03, 1e-03 0.00e+00, 3e-15 1.28e+02, 1e-15 1.40e+02, 1e-15 4.13e+02, 4e-12(+) 3.26e+02, 1e-03(+)
Cifar-1000-1000 -1.4e+05 20 2.74e+04, 3e-09 5.00e+04, 2e-03 0.00e+00, 3e-15 6.34e+02, 8e-16 5.78e+02, 8e-16 1.62e+04, 3e-09(+) 1.41e+04, 2e-03(+)
randn-500-1000 -1.1e+04 20 6.96e+02, 2e-10 5.08e+02, 1e-03 1.92e+02, 4e-15 9.19e+02, 9e-16 9.03e+02, 1e-15 3.62e+02, 2e-10(+) 0.00e+00, 1e-03(+)
w1a-2477-300 -1.2e+04 100 6.69e+03, 1e-07 8.92e+03, 9e-04 7.44e+01, 3e-14 1.18e+02, 2e-14 0.00e+00, 7e-15 1.12e+01, 1e-07(+) 3.96e+01, 9e-04(+)

TDT2-500-1000 -4.5e+00 100 1.25e+00, 3e-05 1.29e+00, 2e-04 1.96e+00, 1e-15 0.00e+00, 5e-15 2.09e-01, 4e-15 1.01e+00, 3e-05(+) 1.06e+00, 2e-04(+)
20News-8000-1000 -1.9e+00 100 5.92e-01, 2e-05 6.01e-01, 2e-04 9.31e-01, 3e-15 0.00e+00, 4e-15 1.29e-02, 8e-15 4.90e-01, 2e-05(+) 5.11e-01, 2e-04(+)
sector-6412-1000 -8.5e+01 100 1.41e+01, 1e-04 2.59e+01, 5e-03 4.80e+01, 7e-15 0.00e+00, 2e-14 2.31e+00, 1e-14 9.98e+00, 1e-04(+) 1.03e+01, 5e-03(+)
E2006-2000-1000 -6.9e-01 100 1.63e-01, 3e-07 1.66e-01, 4e-06 3.64e-01, 2e-15 0.00e+00, 1e-14 2.41e-03, 1e-14 1.42e-01, 3e-07(+) 1.42e-01, 4e-06(+)
MNIST-60000-784 -3.3e+05 100 1.45e+05, 3e-06 3.20e+05, 2e-03 1.72e+04, 2e-15 0.00e+00, 2e-15 2.59e+03, 2e-15 3.88e+04, 3e-06(+) 1.74e+03, 2e-03(+)
Gisette-3000-1000 -1.1e+06 100 8.19e+05, 5e-06 5.37e+05, 3e-02 0.00e+00, 2e-15 2.62e+04, 1e-15 2.74e+04, 8e-16 5.68e+05, 5e-06(+) 3.18e+05, 3e-02(+)

CnnCaltech-3000-1000 -4.5e+03 100 3.28e+03, 8e-05 2.02e+03, 2e-02 0.00e+00, 2e-15 1.33e+02, 1e-15 1.74e+02, 1e-15 1.91e+03, 8e-05(+) 5.63e+02, 2e-02(+)
Cifar-1000-1000 -1.4e+05 100 1.18e+05, 3e-05 4.92e+04, 3e-02 0.00e+00, 2e-15 2.78e+02, 9e-16 1.26e+03, 1e-15 5.10e+04, 3e-05(+) 3.77e+04, 3e-02(+)
randn-500-1000 -3.4e+04 100 4.75e+03, 5e-05 1.63e+03, 2e-02 2.83e+02, 2e-15 6.24e+02, 1e-15 0.00e+00, 1e-15 2.82e+03, 5e-05(+) 8.40e+02, 2e-02(+)

time limit=30
w1a-2477-300 -5.2e+03 10 5.14e+02, 2e-13 1.28e+03, 1e-05 2.77e+02, 1e-13 4.96e+02, 4e-14 1.61e+02, 4e-14 0.00e+00, 2e-13(+) 1.45e+02, 1e-05(+)

TDT2-500-1000 -3.5e+00 10 9.22e-01, 1e-14 9.39e-01, 3e-05 6.60e-01, 6e-14 0.00e+00, 4e-14 2.65e-02, 3e-14 6.70e-01, 4e-14(+) 6.98e-01, 3e-05(+)
20News-8000-1000 -1.6e+00 10 5.09e-01, 2e-14 5.22e-01, 1e-05 3.08e-01, 1e-13 6.47e-03, 8e-14 0.00e+00, 6e-14 2.84e-01, 1e-13(+) 3.25e-01, 1e-05(+)
sector-6412-1000 -3.4e+01 10 2.04e+00, 1e-11 2.29e+00, 1e-04 4.46e+00, 1e-13 0.00e+00, 9e-14 6.42e-02, 6e-14 1.09e+00, 1e-11(+) 1.04e+00, 1e-04(+)
E2006-2000-1000 -6.2e-01 10 1.18e-01, 3e-15 1.20e-01, 2e-05 1.15e-01, 6e-14 0.00e+00, 2e-13 2.68e-05, 6e-14 8.32e-02, 3e-14(+) 9.95e-02, 2e-05(+)
MNIST-60000-784 -2.5e+05 10 4.47e+04, 6e-10 6.46e+04, 3e-04 0.00e+00, 3e-14 5.73e+02, 1e-14 5.11e+02, 4e-15 3.82e+03, 6e-10(+) 2.49e+04, 3e-04(+)
Gisette-3000-1000 -1.0e+06 10 4.49e+04, 9e-10 3.32e+04, 5e-04 0.00e+00, 2e-14 1.04e+03, 4e-15 1.09e+03, 4e-15 6.41e+03, 9e-10(+) 4.03e+03, 5e-04(+)

CnnCaltech-3000-1000 -3.4e+03 10 1.01e+03, 1e-14 7.85e+02, 1e-04 0.00e+00, 2e-14 1.75e+01, 5e-15 6.63e+01, 4e-15 4.70e+02, 3e-14(+) 2.05e+02, 1e-04(+)
Cifar-1000-1000 -1.4e+05 10 1.61e+04, 2e-09 2.09e+04, 3e-04 0.00e+00, 2e-14 1.48e+02, 5e-15 6.74e+01, 4e-15 9.37e+03, 2e-09(+) 3.27e+03, 3e-04(+)
randn-500-1000 -6.8e+03 10 6.34e+02, 2e-11 2.82e+02, 1e-04 6.97e+01, 2e-14 2.66e+02, 6e-15 2.74e+02, 7e-15 2.23e+02, 2e-11(+) 0.00e+00, 1e-04(+)
w1a-2477-300 -6.6e+03 20 1.95e+03, 1e-12 2.63e+03, 2e-05 3.10e+02, 1e-13 1.65e+02, 3e-14 2.73e+02, 2e-14 0.00e+00, 1e-12(+) 3.42e+02, 2e-05(+)

TDT2-500-1000 -3.9e+00 20 1.04e+00, 8e-14 1.06e+00, 6e-05 7.34e-01, 4e-14 0.00e+00, 3e-14 9.44e-03, 3e-14 6.71e-01, 1e-13(+) 7.16e-01, 6e-05(+)
20News-8000-1000 -1.7e+00 20 6.52e-01, 1e-13 6.69e-01, 1e-05 3.75e-01, 1e-13 0.00e+00, 5e-14 5.20e-02, 5e-14 4.58e-01, 2e-13(+) 5.01e-01, 1e-05(+)
sector-6412-1000 -4.6e+01 20 4.86e+00, 6e-09 4.89e+00, 2e-04 7.49e+00, 1e-13 0.00e+00, 6e-14 4.06e-01, 4e-14 2.13e+00, 6e-09(+) 2.59e+00, 2e-04(+)
E2006-2000-1000 -6.5e-01 20 1.42e-01, 8e-15 1.45e-01, 4e-05 2.48e-02, 4e-14 0.00e+00, 6e-14 5.54e-04, 3e-14 1.04e-01, 4e-14(+) 1.18e-01, 4e-05(+)
MNIST-60000-784 -2.7e+05 20 7.33e+04, 7e-12 2.27e+05, 4e-04 0.00e+00, 2e-14 2.19e+03, 3e-15 3.53e+03, 3e-15 5.49e+04, 7e-12(+) 1.73e+04, 4e-04(+)
Gisette-3000-1000 -1.0e+06 20 2.11e+05, 8e-09 3.36e+04, 8e-04 0.00e+00, 9e-15 3.21e+03, 2e-15 4.36e+03, 2e-15 6.19e+04, 8e-09(+) 1.06e+04, 8e-04(+)

CnnCaltech-3000-1000 -3.7e+03 20 1.50e+03, 4e-12 1.38e+03, 3e-04 0.00e+00, 1e-14 4.37e+01, 2e-15 7.19e+01, 2e-15 4.98e+02, 4e-12(+) 3.24e+02, 3e-04(+)
Cifar-1000-1000 -1.4e+05 20 2.74e+04, 3e-09 5.00e+04, 5e-04 0.00e+00, 1e-14 3.07e+02, 2e-15 3.97e+02, 2e-15 1.65e+04, 3e-09(+) 9.86e+03, 5e-04(+)
randn-500-1000 -1.1e+04 20 8.52e+02, 2e-11 6.83e+02, 3e-04 0.00e+00, 1e-14 5.34e+02, 3e-15 4.87e+02, 2e-15 5.21e+02, 2e-11(+) 1.80e+02, 3e-04(+)
w1a-2477-300 -1.2e+04 100 6.75e+03, 4e-09 8.98e+03, 2e-04 1.40e+01, 3e-14 1.47e+02, 2e-14 0.00e+00, 9e-15 4.21e-02, 4e-09(+) 8.87e+01, 2e-04(+)

TDT2-500-1000 -4.8e+00 100 1.50e+00, 3e-14 1.53e+00, 7e-05 1.62e+00, 2e-15 0.00e+00, 9e-15 1.45e-02, 8e-15 1.23e+00, 4e-14(+) 1.28e+00, 7e-05(+)
20News-8000-1000 -2.0e+00 100 7.14e-01, 2e-07 7.23e-01, 7e-05 3.83e-01, 1e-14 0.00e+00, 2e-14 6.30e-03, 2e-14 5.85e-01, 2e-07(+) 6.18e-01, 7e-05(+)
sector-6412-1000 -8.5e+01 100 1.49e+01, 6e-08 2.67e+01, 2e-03 3.17e+01, 3e-14 0.00e+00, 4e-14 6.21e-02, 2e-14 9.81e+00, 6e-08(+) 1.10e+01, 2e-03(+)
E2006-2000-1000 -6.9e-01 100 1.64e-01, 5e-14 1.67e-01, 2e-06 1.19e-01, 3e-15 0.00e+00, 4e-14 3.06e-04, 4e-14 1.42e-01, 5e-14(+) 1.45e-01, 2e-06(+)
MNIST-60000-784 -3.5e+05 100 1.60e+05, 3e-08 3.39e+05, 6e-04 7.01e+03, 3e-15 0.00e+00, 2e-15 6.68e+03, 2e-15 5.71e+04, 3e-08(+) 1.92e+04, 6e-04(+)
Gisette-3000-1000 -1.1e+06 100 7.91e+05, 6e-07 5.95e+05, 5e-03 0.00e+00, 3e-15 2.16e+04, 1e-15 2.12e+04, 1e-15 5.06e+05, 6e-07(+) 3.53e+05, 5e-03(+)

CnnCaltech-3000-1000 -4.9e+03 100 3.62e+03, 7e-07 2.44e+03, 3e-03 0.00e+00, 3e-15 1.78e+02, 1e-15 1.61e+02, 2e-15 2.09e+03, 7e-07(+) 8.27e+02, 3e-03(+)
Cifar-1000-1000 -1.5e+05 100 1.20e+05, 2e-07 5.97e+04, 3e-03 0.00e+00, 3e-15 5.10e+02, 1e-15 7.80e+02, 1e-15 2.98e+04, 2e-07(+) 4.22e+04, 3e-03(+)
randn-500-1000 -3.6e+04 100 6.37e+03, 1e-08 3.53e+03, 2e-03 0.00e+00, 4e-15 1.10e+03, 2e-15 3.46e+02, 1e-15 4.32e+03, 1e-08(+) 2.50e+03, 2e-03(+)

time limit=60
w1a-2477-300 -5.2e+03 10 5.15e+02, 2e-13 1.27e+03, 1e-05 2.78e+02, 2e-13 4.98e+02, 9e-14 1.56e+02, 1e-13 0.00e+00, 2e-13(+) 1.46e+02, 1e-05(+)

TDT2-500-1000 -3.5e+00 10 9.22e-01, 1e-14 9.39e-01, 1e-05 5.16e-02, 1e-13 0.00e+00, 6e-14 2.66e-02, 5e-14 6.43e-01, 5e-14(+) 6.49e-01, 1e-05(+)
20News-8000-1000 -1.6e+00 10 5.09e-01, 1e-14 5.22e-01, 9e-07 1.83e-02, 2e-13 6.49e-03, 9e-14 0.00e+00, 7e-14 2.71e-01, 9e-14(+) 3.09e-01, 9e-07(+)
sector-6412-1000 -3.4e+01 10 2.04e+00, 1e-11 2.29e+00, 5e-05 1.46e+00, 2e-13 0.00e+00, 2e-13 5.85e-02, 1e-13 9.61e-01, 1e-11(+) 1.00e+00, 5e-05(+)
E2006-2000-1000 -6.2e-01 10 1.18e-01, 3e-15 1.20e-01, 8e-06 1.67e-03, 7e-14 0.00e+00, 2e-13 2.67e-05, 6e-14 7.55e-02, 4e-14(+) 9.28e-02, 8e-06(+)
MNIST-60000-784 -2.5e+05 10 4.52e+04, 3e-11 6.19e+04, 2e-04 3.11e+02, 9e-14 0.00e+00, 2e-14 1.25e+02, 1e-14 1.41e+03, 3e-11(+) 2.76e+04, 2e-04(+)
Gisette-3000-1000 -1.0e+06 10 4.23e+04, 9e-10 2.62e+04, 4e-04 0.00e+00, 7e-14 6.86e+02, 1e-14 6.03e+02, 9e-15 7.00e+03, 9e-10(+) 2.26e+03, 4e-04(+)

CnnCaltech-3000-1000 -3.4e+03 10 1.03e+03, 1e-14 8.05e+02, 4e-05 0.00e+00, 5e-14 1.58e+01, 1e-14 5.04e+01, 9e-15 4.62e+02, 4e-14(+) 2.08e+02, 4e-05(+)
Cifar-1000-1000 -1.4e+05 10 1.56e+04, 2e-09 1.79e+04, 2e-04 5.10e+01, 6e-14 8.57e+01, 1e-14 0.00e+00, 1e-14 9.32e+03, 2e-09(+) 2.44e+03, 2e-04(+)
randn-500-1000 -6.8e+03 10 6.74e+02, 2e-11 3.23e+02, 3e-05 0.00e+00, 5e-14 1.95e+02, 2e-14 2.04e+02, 1e-14 2.36e+02, 2e-11(+) 2.77e+01, 3e-05(+)
w1a-2477-300 -6.6e+03 20 1.94e+03, 1e-12 2.62e+03, 1e-05 3.08e+02, 2e-13 1.60e+02, 7e-14 2.67e+02, 4e-14 0.00e+00, 1e-12(+) 3.08e+02, 1e-05(+)

TDT2-500-1000 -3.9e+00 20 1.05e+00, 1e-14 1.06e+00, 1e-05 8.31e-02, 7e-14 3.93e-03, 4e-14 0.00e+00, 4e-14 6.53e-01, 4e-14(+) 7.16e-01, 1e-05(+)
20News-8000-1000 -1.7e+00 20 6.53e-01, 2e-14 6.69e-01, 6e-06 1.13e-01, 1e-13 0.00e+00, 7e-14 3.17e-02, 6e-14 4.35e-01, 8e-14(+) 4.82e-01, 6e-06(+)
sector-6412-1000 -4.6e+01 20 4.87e+00, 2e-13 4.90e+00, 1e-04 2.10e+00, 2e-13 0.00e+00, 1e-13 4.08e-01, 5e-14 2.13e+00, 3e-13(+) 2.38e+00, 1e-04(+)
E2006-2000-1000 -6.5e-01 20 1.42e-01, 5e-15 1.45e-01, 5e-06 2.18e-03, 8e-14 0.00e+00, 6e-14 5.42e-04, 3e-14 1.02e-01, 2e-14(+) 1.13e-01, 5e-06(+)
MNIST-60000-784 -2.8e+05 20 7.55e+04, 7e-12 1.08e+05, 3e-04 8.77e+02, 6e-14 0.00e+00, 2e-14 1.04e+03, 6e-15 5.67e+04, 7e-12(+) 5.17e+04, 3e-04(+)
Gisette-3000-1000 -1.1e+06 20 1.90e+05, 8e-09 3.23e+04, 7e-04 0.00e+00, 3e-14 2.06e+03, 5e-15 1.59e+03, 4e-15 5.05e+04, 8e-09(+) 8.92e+03, 7e-04(+)

CnnCaltech-3000-1000 -3.7e+03 20 1.53e+03, 4e-12 1.41e+03, 1e-04 6.78e+00, 3e-14 0.00e+00, 5e-15 4.81e+01, 4e-15 5.00e+02, 4e-12(+) 3.26e+02, 1e-04(+)
Cifar-1000-1000 -1.4e+05 20 2.70e+04, 2e-09 4.88e+04, 4e-04 0.00e+00, 3e-14 1.76e+02, 5e-15 2.54e+02, 5e-15 1.65e+04, 2e-09(+) 8.28e+03, 4e-04(+)
randn-500-1000 -1.1e+04 20 1.07e+03, 2e-11 9.02e+02, 9e-05 0.00e+00, 3e-14 4.35e+02, 6e-15 4.49e+02, 5e-15 6.91e+02, 2e-11(+) 3.55e+02, 9e-05(+)
w1a-2477-300 -1.2e+04 100 6.75e+03, 1e-09 8.98e+03, 6e-05 1.83e+01, 5e-14 1.45e+02, 3e-14 0.00e+00, 1e-14 5.73e+01, 1e-09(+) 8.76e+01, 6e-05(+)

TDT2-500-1000 -4.8e+00 100 1.52e+00, 3e-14 1.55e+00, 5e-05 4.46e-01, 5e-15 0.00e+00, 1e-14 1.41e-02, 9e-15 1.22e+00, 4e-14(+) 1.27e+00, 5e-05(+)
20News-8000-1000 -2.0e+00 100 7.18e-01, 1e-08 7.26e-01, 3e-05 1.28e-01, 5e-14 0.00e+00, 4e-14 1.65e-03, 5e-14 5.91e-01, 1e-08(+) 6.26e-01, 3e-05(+)
sector-6412-1000 -8.6e+01 100 1.52e+01, 3e-09 2.69e+01, 8e-04 1.09e+01, 8e-14 8.85e-02, 5e-14 0.00e+00, 4e-14 9.94e+00, 3e-09(+) 1.13e+01, 8e-04(+)
E2006-2000-1000 -6.9e-01 100 1.64e-01, 5e-14 1.67e-01, 5e-07 2.06e-02, 8e-15 0.00e+00, 4e-14 6.25e-05, 4e-14 1.34e-01, 5e-14(+) 1.43e-01, 5e-07(+)
MNIST-60000-784 -3.6e+05 100 1.63e+05, 1e-08 3.45e+05, 4e-04 0.00e+00, 5e-15 1.94e+03, 2e-15 8.98e+03, 2e-14 6.47e+04, 1e-08(+) 2.92e+04, 4e-04(+)
Gisette-3000-1000 -1.1e+06 100 6.45e+05, 4e-07 5.89e+05, 3e-03 0.00e+00, 5e-15 1.49e+04, 2e-15 1.60e+04, 1e-15 3.93e+05, 4e-07(+) 3.26e+05, 3e-03(+)

CnnCaltech-3000-1000 -5.0e+03 100 3.74e+03, 4e-08 2.57e+03, 8e-04 0.00e+00, 5e-15 1.85e+02, 2e-15 1.77e+02, 2e-15 2.19e+03, 4e-08(+) 9.76e+02, 8e-04(+)
Cifar-1000-1000 -1.5e+05 100 1.21e+05, 5e-08 6.10e+04, 1e-03 0.00e+00, 5e-15 4.59e+02, 2e-15 7.68e+02, 2e-15 5.51e+04, 5e-08(+) 4.07e+04, 1e-03(+)
randn-500-1000 -3.7e+04 100 7.17e+03, 1e-10 4.36e+03, 9e-04 0.00e+00, 6e-15 1.26e+03, 2e-15 4.94e+02, 2e-15 5.02e+03, 1e-10(+) 3.32e+03, 9e-04(+)

Table 5: Comparisons of objective values and the violation of the constraints (F (X) −
Fmin, ‖min(0,X)‖F + ‖XTX− Ir‖F) for nonnegative PCA for all the compared methods. The 1st,
2nd, and 3rd best results are colored with red, green and blue, respectively. If the objective values of
‘LADMM+OBCD-R’ (or ‘SPM+OBCD-R’) are smaller than those of ‘LADMM’ (or ‘SPM’) by a
margin of 0.1× a, where a represents the objective values of ‘LADMM’ (or ‘ManPG’), they will be
marked with (+).
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Figure 4: The convergence curve of the compared methods for solving L1 norm-based SPCA with
λ = 100.
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data-m-n Fmin r LADMM RSubGrad ADMM ManPG OBCD-OR LADMM ManPG
+ OBCD-R +OBCD-R

λ = 1.00, time limit=10
w1a-2477-300 -5.7e+03 10 2.52e+01 4.71e+03 4.85e+03 4.71e+03 0.00e+00 1.99e+01(+) 4.45e+01(+)

TDT2-500-1000 6.6e+00 10 3.40e+00 3.40e+00 1.51e+00 3.40e+00 0.00e+00 3.09e-02(+) 9.81e-02(+)
20News-8000-1000 8.5e+00 10 1.49e+00 1.62e+00 1.30e+00 1.49e+00 0.00e+00 3.07e-02(+) 3.07e-02(+)
sector-6412-1000 -2.2e+01 10 3.00e+01 3.00e+01 1.62e+01 3.00e+01 0.00e+00 2.73e-01(+) 2.73e-01(+)
E2006-2000-1000 9.4e+00 10 6.17e-01 6.37e-01 1.60e-01 6.17e-01 2.32e-04 0.00e+00(+) 0.00e+00(+)
MNIST-60000-784 -3.1e+05 10 1.91e+02 3.13e+05 3.13e+05 3.13e+05 0.00e+00 1.60e+02(+) 1.23e+04(+)
Gisette-3000-1000 -1.1e+06 10 2.24e+04 4.78e+05 7.31e+04 3.43e+05 0.00e+00 7.94e+03(+) 1.39e+04(+)

CnnCaltech-3000-1000 -4.2e+03 10 2.87e+01 1.50e+00 9.33e+02 8.62e-03 2.18e+01 2.47e+01(+) 0.00e+00(+)
Cifar-1000-1000 -1.4e+05 10 2.75e+03 4.28e+04 1.22e+04 1.26e+00 2.54e+03 1.53e+03(+) 0.00e+00(+)
randn-500-1000 -1.3e+04 10 2.78e+01 1.42e+00 2.51e+02 1.10e-04 3.62e+01 2.63e+01(+) 0.00e+00(+)
w1a-2477-300 -7.1e+03 20 8.04e+01 5.95e+03 6.05e+03 5.94e+03 0.00e+00 4.91e+01(+) 1.42e+02(+)

TDT2-500-1000 1.6e+01 20 3.75e+00 3.91e+00 1.89e+00 3.75e+00 0.00e+00 7.54e-03(+) 7.54e-03(+)
20News-8000-1000 1.8e+01 20 1.66e+00 1.94e+00 5.55e+00 1.66e+00 0.00e+00 1.08e-02(+) 1.08e-02(+)
sector-6412-1000 -2.5e+01 20 4.25e+01 2.97e+01 3.04e+01 4.25e+01 0.00e+00 9.39e-01(+) 9.39e-01(+)
E2006-2000-1000 1.9e+01 20 6.37e-01 8.10e-01 7.62e-01 6.37e-01 0.00e+00 1.06e-03(+) 1.06e-03(+)
MNIST-60000-784 -3.5e+05 20 1.26e+02 3.54e+05 3.54e+05 3.54e+05 1.45e+03 0.00e+00(+) 4.33e+04(+)
Gisette-3000-1000 -1.1e+06 20 1.31e+04 5.01e+05 7.75e+04 3.57e+05 0.00e+00 1.90e+03(+) 2.23e+04(+)

CnnCaltech-3000-1000 -5.1e+03 20 6.73e+01 5.75e+00 1.46e+03 7.21e-03 3.08e+02 6.04e+01(+) 0.00e+00(+)
Cifar-1000-1000 -1.5e+05 20 3.31e+03 4.95e+04 1.37e+04 1.56e+02 6.46e+03 2.66e+03(+) 0.00e+00(+)
randn-500-1000 -2.6e+04 20 2.56e+01 5.82e+00 4.11e+02 1.51e-03 2.61e+02 2.44e+01(+) 0.00e+00(+)
w1a-2477-300 -1.2e+04 100 1.01e+03 5.73e+02 4.31e+03 3.97e+03 0.00e+00 8.59e+02(+) 8.63e+02(+)

TDT2-500-1000 9.5e+01 100 4.44e+00 9.22e+00 3.90e+00 4.44e+00 0.00e+00 0.00e+00(+) 0.00e+00(+)
20News-8000-1000 9.8e+01 100 9.25e-01 4.15e+00 7.41e+01 9.25e-01 2.50e-03 0.00e+00(+) 0.00e+00(+)
sector-6412-1000 1.6e+01 100 7.42e+01 6.64e+01 6.09e+01 7.42e+01 1.04e+00 2.84e-14(+) 0.00e+00(+)
E2006-2000-1000 9.9e+01 100 6.71e-01 4.47e+00 3.73e+02 6.71e-01 5.06e-05 0.00e+00(+) 0.00e+00(+)
MNIST-60000-784 -3.9e+05 100 2.89e+03 1.09e+05 1.93e+05 2.24e+05 1.60e+04 0.00e+00(+) 7.58e+04(+)
Gisette-3000-1000 -1.2e+06 100 3.60e+04 8.49e+05 1.13e+05 3.11e+05 2.43e+04 0.00e+00(+) 5.83e+04(+)

CnnCaltech-3000-1000 -6.7e+03 100 5.35e+02 0.00e+00 4.43e+03 1.40e+03 2.24e+03 5.33e+02(+) 1.36e+03(+)
Cifar-1000-1000 -1.5e+05 100 1.08e+02 7.04e+04 1.00e+04 2.00e+04 7.70e+03 0.00e+00(+) 8.15e+03(+)
randn-500-1000 -1.0e+05 100 1.14e+02 0.00e+00 1.50e+03 6.03e+01 4.76e+04 1.14e+02(+) 6.03e+01

λ = 1.00, time limit=30
w1a-2477-300 -5.7e+03 10 2.60e+01 4.71e+03 4.85e+03 4.71e+03 0.00e+00 2.07e+01(+) 4.53e+01(+)

TDT2-500-1000 6.6e+00 10 3.40e+00 3.40e+00 1.51e+00 3.40e+00 0.00e+00 3.09e-02(+) 3.09e-02(+)
20News-8000-1000 8.5e+00 10 1.49e+00 1.53e+00 1.30e+00 1.49e+00 0.00e+00 3.07e-02(+) 3.07e-02(+)
sector-6412-1000 -2.2e+01 10 3.00e+01 3.00e+01 1.62e+01 3.00e+01 0.00e+00 2.73e-01(+) 2.73e-01(+)
E2006-2000-1000 9.4e+00 10 6.17e-01 6.23e-01 1.60e-01 6.17e-01 6.54e-04 0.00e+00(+) 0.00e+00(+)
MNIST-60000-784 -3.1e+05 10 1.97e+02 3.13e+05 3.13e+05 3.13e+05 0.00e+00 1.65e+02(+) 1.19e+04(+)
Gisette-3000-1000 -1.1e+06 10 2.53e+04 4.35e+05 7.61e+04 3.24e+05 0.00e+00 1.06e+04(+) 1.59e+04(+)

CnnCaltech-3000-1000 -4.2e+03 10 2.97e+01 1.96e+00 9.34e+02 7.40e-07 1.63e+01 2.56e+01(+) 0.00e+00
Cifar-1000-1000 -1.4e+05 10 2.79e+03 0.00e+00 1.22e+04 1.20e+01 1.96e+02 1.57e+03(+) 1.18e+01(+)
randn-500-1000 -1.3e+04 10 2.87e+01 1.88e+00 2.52e+02 6.80e-10 9.32e+00 2.72e+01(+) 0.00e+00
w1a-2477-300 -7.1e+03 20 8.24e+01 5.95e+03 6.05e+03 5.95e+03 0.00e+00 5.07e+01(+) 1.43e+02(+)

TDT2-500-1000 1.6e+01 20 3.75e+00 3.81e+00 1.89e+00 3.75e+00 0.00e+00 8.92e-03(+) 8.92e-03(+)
20News-8000-1000 1.8e+01 20 1.66e+00 1.76e+00 5.55e+00 1.66e+00 0.00e+00 1.08e-02(+) 1.08e-02(+)
sector-6412-1000 -2.5e+01 20 4.25e+01 2.92e+01 3.04e+01 4.25e+01 0.00e+00 9.61e-01(+) 9.61e-01(+)
E2006-2000-1000 1.9e+01 20 6.38e-01 6.45e-01 7.61e-01 6.38e-01 0.00e+00 1.30e-03(+) 1.30e-03(+)
MNIST-60000-784 -3.5e+05 20 1.25e+02 3.54e+05 3.54e+05 3.54e+05 2.02e+02 0.00e+00(+) 4.33e+04(+)
Gisette-3000-1000 -1.1e+06 20 2.50e+04 4.55e+05 8.95e+04 3.55e+05 0.00e+00 1.38e+04(+) 3.72e+04(+)

CnnCaltech-3000-1000 -5.1e+03 20 7.47e+01 1.17e+01 1.47e+03 1.07e-05 4.52e+01 6.77e+01(+) 0.00e+00(+)
Cifar-1000-1000 -1.5e+05 20 4.40e+03 1.02e+04 1.48e+04 3.16e-01 2.75e+03 3.73e+03(+) 0.00e+00(+)
randn-500-1000 -2.6e+04 20 2.78e+01 6.97e+00 4.13e+02 5.23e-04 7.67e+01 2.66e+01(+) 0.00e+00(+)
w1a-2477-300 -1.2e+04 100 1.11e+03 6.63e+02 4.41e+03 2.20e+03 0.00e+00 9.60e+02(+) 1.14e+03(+)

TDT2-500-1000 9.5e+01 100 4.45e+00 5.91e+00 3.90e+00 4.45e+00 0.00e+00 3.43e-03(+) 3.43e-03(+)
20News-8000-1000 9.8e+01 100 9.26e-01 4.77e+00 7.06e+01 9.26e-01 0.00e+00 9.23e-04(+) 9.23e-04(+)
sector-6412-1000 1.6e+01 100 7.45e+01 6.46e+01 6.12e+01 7.45e+01 0.00e+00 2.65e-01(+) 2.65e-01(+)
E2006-2000-1000 9.9e+01 100 6.72e-01 1.79e+00 3.67e+02 6.72e-01 0.00e+00 3.03e-04(+) 3.03e-04(+)
MNIST-60000-784 -4.0e+05 100 1.38e+04 7.60e+04 2.04e+05 2.09e+05 0.00e+00 1.10e+04(+) 9.39e+04(+)
Gisette-3000-1000 -1.2e+06 100 3.95e+04 2.65e+05 1.16e+05 3.13e+05 0.00e+00 3.52e+03(+) 6.23e+04(+)

CnnCaltech-3000-1000 -6.8e+03 100 5.46e+02 0.00e+00 4.43e+03 4.48e+02 1.55e+03 5.44e+02(+) 4.47e+02(+)
Cifar-1000-1000 -1.5e+05 100 1.08e+02 4.95e+04 9.99e+03 1.13e+04 4.78e+03 0.00e+00(+) 9.25e+03(+)
randn-500-1000 -1.0e+05 100 1.31e+02 0.00e+00 1.50e+03 1.08e+00 2.23e+04 1.31e+02(+) 1.08e+00

λ = 1.00, time limit=60
w1a-2477-300 -5.7e+03 10 2.54e+01 4.71e+03 4.85e+03 4.71e+03 0.00e+00 2.01e+01(+) 4.35e+01(+)

TDT2-500-1000 6.6e+00 10 3.40e+00 3.40e+00 1.51e+00 3.40e+00 0.00e+00 3.09e-02(+) 3.09e-02(+)
20News-8000-1000 8.5e+00 10 1.49e+00 1.50e+00 1.30e+00 1.49e+00 0.00e+00 3.07e-02(+) 3.07e-02(+)
sector-6412-1000 -2.2e+01 10 3.00e+01 3.01e+01 1.63e+01 3.00e+01 0.00e+00 3.54e-01(+) 3.54e-01(+)
E2006-2000-1000 9.4e+00 10 6.18e-01 6.21e-01 1.61e-01 6.18e-01 0.00e+00 1.59e-03(+) 1.59e-03(+)
MNIST-60000-784 -3.1e+05 10 1.98e+02 3.13e+05 3.13e+05 3.13e+05 0.00e+00 1.66e+02(+) 1.15e+04(+)
Gisette-3000-1000 -1.1e+06 10 2.51e+04 3.21e+05 7.62e+04 4.52e+05 0.00e+00 1.06e+04(+) 1.92e+04(+)

CnnCaltech-3000-1000 -4.2e+03 10 2.97e+01 1.77e+00 9.34e+02 3.44e-08 1.19e+01 2.56e+01(+) 0.00e+00
Cifar-1000-1000 -1.4e+05 10 2.79e+03 0.00e+00 1.22e+04 4.22e+00 6.36e+01 1.60e+03(+) 4.19e+00(+)
randn-500-1000 -1.3e+04 10 2.87e+01 1.76e+00 2.52e+02 8.33e-09 6.36e+00 2.72e+01(+) 0.00e+00
w1a-2477-300 -7.1e+03 20 9.14e+01 5.96e+03 6.06e+03 5.95e+03 0.00e+00 5.89e+01(+) 1.49e+02(+)

TDT2-500-1000 1.6e+01 20 3.75e+00 3.76e+00 1.89e+00 3.75e+00 0.00e+00 1.10e-02(+) 1.10e-02(+)
20News-8000-1000 1.8e+01 20 1.66e+00 1.70e+00 5.55e+00 1.66e+00 0.00e+00 1.08e-02(+) 1.08e-02(+)
sector-6412-1000 -2.6e+01 20 4.27e+01 2.93e+01 3.07e+01 4.27e+01 0.00e+00 1.22e+00(+) 1.22e+00(+)
E2006-2000-1000 1.9e+01 20 6.38e-01 6.41e-01 7.62e-01 6.38e-01 0.00e+00 1.70e-03(+) 1.70e-03(+)
MNIST-60000-784 -3.5e+05 20 3.33e+02 3.55e+05 3.55e+05 3.55e+05 0.00e+00 2.09e+02(+) 4.30e+04(+)
Gisette-3000-1000 -1.1e+06 20 3.01e+04 3.92e+05 9.47e+04 5.14e+05 0.00e+00 1.86e+04(+) 3.99e+04(+)

CnnCaltech-3000-1000 -5.1e+03 20 7.53e+01 1.16e+01 1.47e+03 1.57e-05 3.28e+01 6.83e+01(+) 0.00e+00(+)
Cifar-1000-1000 -1.5e+05 20 4.44e+03 0.00e+00 1.48e+04 2.72e+01 1.53e+03 3.80e+03(+) 2.71e+01(+)
randn-500-1000 -2.6e+04 20 2.85e+01 7.30e+00 4.14e+02 1.32e-07 2.91e+01 2.74e+01(+) 0.00e+00
w1a-2477-300 -1.2e+04 100 1.16e+03 7.00e+02 4.46e+03 1.55e+03 0.00e+00 1.01e+03(+) 9.42e+02(+)

TDT2-500-1000 9.5e+01 100 4.45e+00 5.14e+00 3.90e+00 4.45e+00 0.00e+00 4.80e-03(+) 4.80e-03(+)
20News-8000-1000 9.8e+01 100 9.26e-01 2.71e+00 7.06e+01 9.26e-01 0.00e+00 1.20e-03(+) 1.20e-03(+)
sector-6412-1000 1.6e+01 100 7.45e+01 6.25e+01 6.13e+01 7.45e+01 0.00e+00 2.94e-01(+) 2.94e-01(+)
E2006-2000-1000 9.9e+01 100 6.72e-01 1.24e+00 3.67e+02 6.72e-01 0.00e+00 4.65e-04(+) 4.65e-04(+)
MNIST-60000-784 -4.1e+05 100 2.29e+04 6.95e+04 2.13e+05 2.14e+05 0.00e+00 2.00e+04(+) 9.80e+04(+)
Gisette-3000-1000 -1.2e+06 100 5.38e+04 4.49e+05 1.30e+05 3.25e+05 0.00e+00 1.79e+04(+) 7.67e+04(+)

CnnCaltech-3000-1000 -6.8e+03 100 5.51e+02 0.00e+00 4.43e+03 2.67e+02 1.13e+03 5.49e+02(+) 2.67e+02
Cifar-1000-1000 -1.5e+05 100 1.08e+02 4.01e+04 9.99e+03 1.99e+03 2.42e+03 0.00e+00(+) 1.71e+03(+)
randn-500-1000 -1.0e+05 100 1.53e+02 1.56e+01 1.53e+03 3.45e-03 1.04e+04 1.53e+02(+) 0.00e+00(+)

Table 6: Comparisons of objective values (F (X) − Fmin) of L1 norm-based SPCA for all the
compared methods with λ = 1. The 1st, 2nd, and 3rd best results are colored with red, green and
blue, respectively. If the objective values of ‘LADMM+OBCD-R’ (or ‘ManPG+OBCD-R’) are
smaller than those of ‘LADMM’ (or ‘ManPG’) by a margin of 0.1 × a, where a represents the
objective values of ‘LADMM’ (or ‘ManPG’), they will be marked with (+).
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data-m-n Fmin r LADMM RSubGrad ADMM ManPG OBCD-OR LADMM ManPG
+ OBCD-R +OBCD-R

λ = 100.00, time limit=10
w1a-2477-300 -3.0e+03 10 9.05e+02 3.48e+03 3.57e+03 3.57e+03 0.00e+00 3.74e+01(+) 1.36e+01(+)

TDT2-500-1000 1.0e+03 10 3.24e+01 1.64e+02 3.40e+00 3.40e+00 0.00e+00 2.90e+01(+) 9.81e-02(+)
20News-8000-1000 1.0e+03 10 6.88e+01 1.11e+03 1.49e+00 1.49e+00 0.00e+00 3.76e+01(+) 3.07e-02(+)
sector-6412-1000 9.7e+02 10 1.55e+01 8.08e+02 3.00e+01 3.00e+01 0.00e+00 3.21e-01(+) 3.68e-01(+)
E2006-2000-1000 1.0e+03 10 4.77e+01 4.69e+02 6.18e-01 6.18e-01 0.00e+00 1.01e+01(+) 1.59e-03(+)
MNIST-60000-784 -3.0e+05 10 7.53e+02 3.00e+05 3.00e+05 3.00e+05 0.00e+00 6.65e+02(+) 7.27e+03(+)
Gisette-3000-1000 -1.1e+06 10 2.35e+04 4.70e+05 6.42e+04 3.99e+05 0.00e+00 1.27e+04(+) 1.43e+04(+)

CnnCaltech-3000-1000 5.9e+02 10 2.32e+02 1.06e+03 2.90e+02 2.90e+02 0.00e+00 7.90e+01(+) 3.80e+00(+)
Cifar-1000-1000 -1.3e+05 10 2.93e+02 3.78e+04 8.94e+03 7.45e+03 1.90e+03 0.00e+00(+) 5.76e+03(+)
randn-500-1000 -2.0e+03 10 5.40e+02 1.17e+03 6.68e+02 5.12e+02 0.00e+00 1.57e+02(+) 5.72e+00(+)
w1a-2477-300 -3.3e+03 20 1.72e+03 4.45e+03 4.45e+03 4.45e+03 5.59e+01 1.07e+02(+) 0.00e+00(+)

TDT2-500-1000 2.0e+03 20 2.71e+02 8.34e+02 3.75e+00 3.75e+00 0.00e+00 2.09e+02(+) 1.10e-02(+)
20News-8000-1000 2.0e+03 20 1.59e+02 2.90e+03 1.66e+00 1.66e+00 0.00e+00 7.94e+01(+) 1.30e-02(+)
sector-6412-1000 2.0e+03 20 9.94e+01 2.45e+03 4.27e+01 4.27e+01 0.00e+00 4.21e+01(+) 1.19e+00(+)
E2006-2000-1000 2.0e+03 20 1.21e+02 1.11e+03 6.38e-01 6.38e-01 0.00e+00 8.05e+01(+) 1.83e-03(+)
MNIST-60000-784 -3.3e+05 20 3.28e+03 3.31e+05 3.31e+05 3.31e+05 0.00e+00 2.11e+03(+) 3.82e+04(+)
Gisette-3000-1000 -1.1e+06 20 2.30e+04 4.72e+05 7.61e+04 3.72e+05 0.00e+00 1.27e+04(+) 3.33e+04(+)

CnnCaltech-3000-1000 1.4e+03 20 2.46e+02 3.72e+03 2.66e+03 3.90e+02 0.00e+00 3.32e+01(+) 4.63e+00(+)
Cifar-1000-1000 -1.3e+05 20 3.42e+02 5.36e+04 1.35e+04 1.30e+04 1.96e+03 0.00e+00(+) 1.06e+04(+)
randn-500-1000 -3.9e+03 20 1.25e+03 3.69e+03 8.33e+02 8.19e+02 0.00e+00 5.13e+02(+) 1.47e+01(+)
w1a-2477-300 -1.7e+03 100 5.04e+03 4.60e+03 7.36e+03 5.29e+03 1.07e+02 5.22e+01(+) 0.00e+00(+)

TDT2-500-1000 1.0e+04 100 1.09e+03 2.73e+04 4.45e+00 4.45e+00 1.37e-03 8.51e+02(+) 0.00e+00(+)
20News-8000-1000 1.0e+04 100 8.15e+02 5.60e+04 9.25e-01 9.25e-01 3.90e-04 6.68e+02(+) 0.00e+00(+)
sector-6412-1000 9.9e+03 100 6.26e+01 5.12e+04 7.43e+01 7.43e+01 0.00e+00 8.32e+00(+) 3.75e-02(+)
E2006-2000-1000 1.0e+04 100 1.09e+03 3.39e+04 6.71e-01 6.71e-01 7.81e-04 9.16e+02(+) 0.00e+00(+)
MNIST-60000-784 -3.4e+05 100 3.32e+04 1.24e+05 1.57e+05 1.75e+05 0.00e+00 2.70e+04(+) 6.24e+04(+)
Gisette-3000-1000 -1.1e+06 100 3.90e+04 5.50e+05 1.05e+05 3.07e+05 9.59e+02 0.00e+00(+) 6.87e+04(+)

CnnCaltech-3000-1000 7.8e+03 100 9.37e+02 3.93e+04 1.81e+03 9.92e+02 1.88e+00 6.63e+01(+) 0.00e+00(+)
Cifar-1000-1000 -1.2e+05 100 2.86e+02 1.32e+05 3.72e+04 5.68e+04 2.65e+03 0.00e+00(+) 2.62e+04(+)
randn-500-1000 -1.8e+04 100 3.78e+03 7.11e+04 2.74e+03 2.74e+03 2.73e+00 1.67e+03(+) 0.00e+00(+)

λ = 100.00, time limit=30
w1a-2477-300 -3.0e+03 10 9.10e+02 3.49e+03 3.58e+03 3.58e+03 0.00e+00 4.31e+01(+) 1.73e+01(+)

TDT2-500-1000 1.0e+03 10 3.24e+01 7.93e+01 3.40e+00 3.40e+00 0.00e+00 2.90e+01(+) 3.09e-02(+)
20News-8000-1000 1.0e+03 10 6.88e+01 3.86e+02 1.49e+00 1.49e+00 0.00e+00 3.76e+01(+) 3.07e-02(+)
sector-6412-1000 9.7e+02 10 1.55e+01 3.52e+02 3.00e+01 3.00e+01 0.00e+00 3.21e-01(+) 3.68e-01(+)
E2006-2000-1000 1.0e+03 10 4.77e+01 2.10e+02 6.18e-01 6.18e-01 0.00e+00 1.01e+01(+) 1.59e-03(+)
MNIST-60000-784 -3.0e+05 10 1.33e+03 3.01e+05 3.01e+05 3.01e+05 0.00e+00 1.25e+03(+) 7.85e+03(+)
Gisette-3000-1000 -1.1e+06 10 2.27e+04 4.22e+05 6.36e+04 2.31e+05 0.00e+00 1.21e+04(+) 1.58e+04(+)

CnnCaltech-3000-1000 5.9e+02 10 2.32e+02 4.55e+02 2.90e+02 2.90e+02 0.00e+00 7.90e+01(+) 3.80e+00(+)
Cifar-1000-1000 -1.3e+05 10 1.37e+03 2.98e+01 1.00e+04 6.75e+01 2.99e+03 1.07e+03(+) 0.00e+00(+)
randn-500-1000 -2.0e+03 10 5.41e+02 4.89e+02 6.69e+02 5.13e+02 0.00e+00 1.57e+02(+) 7.08e+00(+)
w1a-2477-300 -3.3e+03 20 1.72e+03 4.44e+03 4.45e+03 4.45e+03 3.07e+01 1.07e+02(+) 0.00e+00(+)

TDT2-500-1000 2.0e+03 20 2.71e+02 3.75e+02 3.75e+00 3.75e+00 0.00e+00 2.09e+02(+) 1.10e-02(+)
20News-8000-1000 2.0e+03 20 1.59e+02 1.00e+03 1.66e+00 1.66e+00 0.00e+00 7.93e+01(+) 1.08e-02(+)
sector-6412-1000 2.0e+03 20 9.94e+01 7.47e+02 4.27e+01 4.27e+01 0.00e+00 4.21e+01(+) 1.19e+00(+)
E2006-2000-1000 2.0e+03 20 1.21e+02 5.19e+02 6.38e-01 6.38e-01 0.00e+00 8.05e+01(+) 1.83e-03(+)
MNIST-60000-784 -3.3e+05 20 4.26e+03 3.32e+05 3.32e+05 3.32e+05 0.00e+00 3.09e+03(+) 3.80e+04(+)
Gisette-3000-1000 -1.1e+06 20 2.66e+04 4.51e+05 7.96e+04 3.60e+05 0.00e+00 1.60e+04(+) 3.52e+04(+)

CnnCaltech-3000-1000 1.4e+03 20 2.46e+02 1.16e+03 2.65e+03 3.90e+02 0.00e+00 3.29e+01(+) 4.37e+00(+)
Cifar-1000-1000 -1.3e+05 20 3.42e+02 1.24e+04 1.35e+04 7.90e+03 1.94e+03 0.00e+00(+) 7.12e+03(+)
randn-500-1000 -3.9e+03 20 1.26e+03 1.31e+03 8.40e+02 8.26e+02 0.00e+00 4.98e+02(+) 2.17e+01(+)
w1a-2477-300 -1.6e+03 100 4.99e+03 2.58e+03 7.31e+03 5.24e+03 3.09e+01 0.00e+00(+) 3.58e+01(+)

TDT2-500-1000 1.0e+04 100 1.08e+03 1.13e+04 4.45e+00 4.45e+00 0.00e+00 9.69e+02(+) 4.80e-03(+)
20News-8000-1000 1.0e+04 100 8.15e+02 2.28e+04 9.26e-01 9.26e-01 0.00e+00 6.68e+02(+) 1.41e-03(+)
sector-6412-1000 9.9e+03 100 6.25e+01 2.17e+04 7.45e+01 7.45e+01 0.00e+00 8.27e+00(+) 2.97e-01(+)
E2006-2000-1000 1.0e+04 100 1.08e+03 1.15e+04 6.72e-01 6.72e-01 0.00e+00 9.06e+02(+) 4.94e-04(+)
MNIST-60000-784 -3.5e+05 100 4.43e+04 8.22e+04 1.68e+05 1.69e+05 0.00e+00 3.81e+04(+) 7.46e+04(+)
Gisette-3000-1000 -1.1e+06 100 5.71e+04 4.81e+05 1.23e+05 3.23e+05 0.00e+00 1.81e+04(+) 8.55e+04(+)

CnnCaltech-3000-1000 7.8e+03 100 9.39e+02 2.52e+04 1.76e+03 9.93e+02 0.00e+00 6.75e+01(+) 1.29e+00(+)
Cifar-1000-1000 -1.2e+05 100 2.97e+02 8.07e+04 3.72e+04 5.66e+04 2.28e+03 0.00e+00(+) 2.58e+04(+)
randn-500-1000 -1.8e+04 100 3.80e+03 2.57e+04 2.75e+03 2.75e+03 0.00e+00 1.64e+03(+) 1.20e+01(+)

λ = 100.00, time limit=60
w1a-2477-300 -3.0e+03 10 9.08e+02 3.49e+03 3.58e+03 3.58e+03 0.00e+00 4.10e+01(+) 1.54e+01(+)

TDT2-500-1000 1.0e+03 10 3.23e+01 2.86e+01 3.40e+00 3.40e+00 0.00e+00 2.90e+01(+) 3.09e-02(+)
20News-8000-1000 1.0e+03 10 6.88e+01 1.03e+02 1.49e+00 1.49e+00 0.00e+00 3.76e+01(+) 3.07e-02(+)
sector-6412-1000 9.7e+02 10 1.55e+01 1.53e+02 3.00e+01 3.00e+01 0.00e+00 3.21e-01(+) 3.68e-01(+)
E2006-2000-1000 1.0e+03 10 4.77e+01 8.87e+01 6.18e-01 6.18e-01 0.00e+00 1.01e+01(+) 1.59e-03(+)
MNIST-60000-784 -3.0e+05 10 1.18e+03 3.01e+05 3.01e+05 3.01e+05 0.00e+00 1.09e+03(+) 7.17e+03(+)
Gisette-3000-1000 -1.1e+06 10 1.28e+04 3.01e+05 5.40e+04 3.00e+05 0.00e+00 2.18e+03(+) 6.93e+03(+)

CnnCaltech-3000-1000 6.0e+02 10 2.28e+02 3.15e+02 2.86e+02 2.86e+02 1.57e+01 6.79e+01(+) 0.00e+00(+)
Cifar-1000-1000 -1.3e+05 10 1.57e+03 4.72e+01 1.02e+04 3.31e+01 3.11e+03 1.28e+03(+) 0.00e+00(+)
randn-500-1000 -2.0e+03 10 5.41e+02 3.71e+02 6.69e+02 5.13e+02 0.00e+00 1.58e+02(+) 7.08e+00(+)
w1a-2477-300 -3.3e+03 20 1.72e+03 4.44e+03 4.45e+03 4.45e+03 3.85e+01 1.07e+02(+) 0.00e+00(+)

TDT2-500-1000 2.0e+03 20 2.71e+02 7.21e+01 3.75e+00 3.75e+00 0.00e+00 2.09e+02(+) 1.10e-02(+)
20News-8000-1000 2.0e+03 20 1.59e+02 4.86e+02 1.66e+00 1.66e+00 0.00e+00 7.93e+01(+) 1.08e-02(+)
sector-6412-1000 2.0e+03 20 9.93e+01 4.84e+02 4.27e+01 4.27e+01 0.00e+00 4.20e+01(+) 1.19e+00(+)
E2006-2000-1000 2.0e+03 20 1.20e+02 2.25e+02 6.38e-01 6.38e-01 0.00e+00 8.05e+01(+) 1.70e-03(+)
MNIST-60000-784 -3.3e+05 20 4.84e+03 3.32e+05 3.32e+05 3.32e+05 0.00e+00 3.65e+03(+) 3.83e+04(+)
Gisette-3000-1000 -1.1e+06 20 2.49e+04 3.82e+05 7.81e+04 3.36e+05 0.00e+00 1.44e+04(+) 3.52e+04(+)

CnnCaltech-3000-1000 1.4e+03 20 2.46e+02 7.54e+02 2.65e+03 3.90e+02 0.00e+00 3.32e+01(+) 4.63e+00(+)
Cifar-1000-1000 -1.3e+05 20 1.18e+03 0.00e+00 1.43e+04 5.38e+02 2.66e+03 8.43e+02(+) 3.75e+02(+)
randn-500-1000 -3.9e+03 20 1.26e+03 9.29e+02 8.40e+02 8.26e+02 0.00e+00 5.05e+02(+) 2.17e+01(+)
w1a-2477-300 -1.6e+03 100 4.99e+03 2.04e+03 7.31e+03 5.24e+03 1.13e+01 0.00e+00(+) 2.47e+01(+)

TDT2-500-1000 1.0e+04 100 1.08e+03 3.86e+03 4.45e+00 4.45e+00 0.00e+00 9.69e+02(+) 4.80e-03(+)
20News-8000-1000 1.0e+04 100 8.15e+02 1.19e+04 9.26e-01 9.26e-01 0.00e+00 6.68e+02(+) 1.43e-03(+)
sector-6412-1000 9.9e+03 100 6.25e+01 1.09e+04 7.45e+01 7.45e+01 0.00e+00 8.27e+00(+) 2.97e-01(+)
E2006-2000-1000 1.0e+04 100 1.08e+03 5.83e+03 6.72e-01 6.72e-01 0.00e+00 9.06e+02(+) 4.94e-04(+)
MNIST-60000-784 -3.6e+05 100 5.10e+04 6.43e+04 1.75e+05 1.62e+05 0.00e+00 4.48e+04(+) 7.91e+04(+)
Gisette-3000-1000 -1.1e+06 100 6.56e+04 4.70e+05 1.32e+05 3.29e+05 0.00e+00 2.66e+04(+) 9.34e+04(+)

CnnCaltech-3000-1000 7.8e+03 100 9.39e+02 1.39e+04 1.76e+03 9.93e+02 0.00e+00 6.77e+01(+) 1.42e+00(+)
Cifar-1000-1000 -1.2e+05 100 2.86e+02 6.01e+04 3.72e+04 5.64e+04 2.23e+03 0.00e+00(+) 2.61e+04(+)
randn-500-1000 -1.8e+04 100 3.78e+03 1.49e+04 2.74e+03 2.74e+03 7.43e+00 1.62e+03(+) 0.00e+00(+)

Table 7: Comparisons of objective values (F (X) − Fmin) of L1 norm-based SPCA for all the
compared methods with λ = 100. The 1st, 2nd, and 3rd best results are colored with red, green
and blue, respectively. If the objective values of ‘LADMM+OBCD-R’ (or ‘ManPG+OBCD-R’)
are smaller than those of ‘LADMM’ (or ‘ManPG’) by a margin of 0.1× a, where a represents the
objective values of ‘LADMM’ (or ‘ManPG’), they will be marked with (+).
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data-m-n Fmin r LADMM RSubGrad ADMM ManPG OBCD-OR LADMM ManPG
+ OBCD-R +OBCD-R

λ = 1000.00, time limit=10
w1a-2477-300 7.0e+03 10 3.03e+02 2.81e+03 2.59e+03 2.59e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 1.0e+04 10 1.24e+03 1.39e+04 3.40e+00 3.40e+00 0.00e+00 5.21e+02(+) 3.09e-02(+)
20News-8000-1000 1.0e+04 10 8.97e+02 7.55e+04 1.49e+00 1.49e+00 0.00e+00 3.20e+02(+) 3.07e-02(+)
sector-6412-1000 1.0e+04 10 2.88e+01 7.59e+04 3.00e+01 3.00e+01 0.00e+00 1.29e-01(+) 3.68e-01(+)
E2006-2000-1000 1.0e+04 10 3.88e+02 3.77e+04 6.18e-01 6.18e-01 0.00e+00 3.87e+02(+) 1.59e-03(+)
MNIST-60000-784 -2.2e+05 10 1.69e+02 2.27e+05 2.27e+05 2.27e+05 1.71e+04 0.00e+00(+) 9.07e+03(+)
Gisette-3000-1000 -1.0e+06 10 2.26e+04 5.38e+05 6.58e+04 4.70e+05 0.00e+00 1.61e+04(+) 4.39e+04(+)

CnnCaltech-3000-1000 9.6e+03 10 1.06e+02 7.01e+04 1.20e+03 2.90e+02 0.00e+00 0.00e+00(+) 3.80e+00(+)
Cifar-1000-1000 -9.2e+04 10 1.89e+03 1.14e+05 0.00e+00 1.00e+05 9.99e+04 1.80e+03(+) 9.99e+04(+)
randn-500-1000 7.0e+03 10 3.66e+02 8.30e+04 3.14e+04 5.11e+02 0.00e+00 8.04e+00(+) 4.69e+00(+)
w1a-2477-300 1.5e+04 20 5.30e+02 5.72e+03 3.90e+03 3.90e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 2.0e+04 20 1.40e+03 7.01e+04 3.75e+00 3.75e+00 0.00e+00 9.85e+02(+) 1.10e-02(+)
20News-8000-1000 2.0e+04 20 1.45e+03 2.56e+05 1.66e+00 1.66e+00 0.00e+00 1.45e+03(+) 1.30e-02(+)
sector-6412-1000 2.0e+04 20 6.06e+02 2.06e+05 4.27e+01 4.27e+01 0.00e+00 1.37e+00(+) 1.19e+00(+)
E2006-2000-1000 2.0e+04 20 1.65e+03 8.70e+04 6.38e-01 6.38e-01 0.00e+00 7.18e+02(+) 1.83e-03(+)
MNIST-60000-784 -2.2e+05 20 3.85e+03 2.41e+05 2.41e+05 2.41e+05 2.71e+04 0.00e+00(+) 3.00e+04(+)
Gisette-3000-1000 -9.9e+05 20 1.41e+04 6.98e+05 1.15e+05 3.45e+05 0.00e+00 2.26e+03(+) 9.40e+04(+)

CnnCaltech-3000-1000 1.9e+04 20 2.01e+02 2.05e+05 8.77e+02 3.90e+02 0.00e+00 8.32e-01(+) 4.37e+00(+)
Cifar-1000-1000 -8.1e+04 20 1.52e+02 2.22e+05 1.04e+05 9.83e+04 9.72e+04 0.00e+00(+) 9.72e+04(+)
randn-500-1000 1.4e+04 20 4.49e+02 1.98e+05 3.61e+04 8.21e+02 0.00e+00 1.10e+01(+) 1.69e+01(+)
w1a-2477-300 8.8e+04 100 3.43e+03 2.56e+05 8.92e+03 6.89e+03 3.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 1.0e+05 100 6.91e+03 1.10e+06 4.45e+00 4.45e+00 4.80e-03 5.95e+03(+) 0.00e+00(+)
20News-8000-1000 1.0e+05 100 3.61e+03 1.88e+06 9.25e-01 9.25e-01 1.01e-03 3.53e+03(+) 0.00e+00(+)
sector-6412-1000 1.0e+05 100 4.16e+03 1.79e+06 7.42e+01 7.42e+01 8.04e-01 3.46e+03(+) 0.00e+00(+)
E2006-2000-1000 1.0e+05 100 4.18e+03 1.19e+06 6.71e-01 6.71e-01 1.50e-03 4.18e+03(+) 0.00e+00(+)
MNIST-60000-784 -1.7e+05 100 5.23e+04 1.05e+06 1.02e+05 2.72e+05 1.05e+04 0.00e+00(+) 5.25e+03(+)
Gisette-3000-1000 -9.9e+05 100 5.95e+04 2.41e+06 4.30e+05 5.84e+05 3.49e+04 0.00e+00(+) 3.06e+05(+)

CnnCaltech-3000-1000 9.8e+04 100 7.61e+02 1.90e+06 1.40e+03 9.92e+02 3.59e+00 0.00e+00(+) 4.00e-02(+)
Cifar-1000-1000 -2.5e+03 100 1.28e+03 1.94e+06 8.69e+04 8.69e+04 8.31e+04 0.00e+00(+) 8.31e+04(+)
randn-500-1000 7.2e+04 100 2.91e+03 1.90e+06 2.76e+05 2.74e+03 7.14e+00 6.87e+02(+) 0.00e+00(+)

λ = 1000.00, time limit=30
w1a-2477-300 7.0e+03 10 3.03e+02 2.64e+03 2.59e+03 2.59e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 1.0e+04 10 1.24e+03 5.07e+03 3.40e+00 3.40e+00 0.00e+00 5.20e+02(+) 3.09e-02(+)
20News-8000-1000 1.0e+04 10 8.96e+02 3.10e+04 1.49e+00 1.49e+00 0.00e+00 3.20e+02(+) 3.07e-02(+)
sector-6412-1000 1.0e+04 10 2.88e+01 2.42e+04 3.00e+01 3.00e+01 0.00e+00 1.29e-01(+) 3.68e-01(+)
E2006-2000-1000 1.0e+04 10 3.87e+02 1.26e+04 6.18e-01 6.18e-01 0.00e+00 3.87e+02(+) 1.59e-03(+)
MNIST-60000-784 -2.2e+05 10 1.72e+02 2.27e+05 2.27e+05 2.27e+05 1.68e+04 0.00e+00(+) 8.98e+03(+)
Gisette-3000-1000 -1.0e+06 10 2.41e+04 4.51e+05 6.72e+04 2.94e+05 0.00e+00 1.76e+04(+) 3.24e+04(+)

CnnCaltech-3000-1000 9.6e+03 10 1.06e+02 2.33e+04 1.19e+03 2.90e+02 0.00e+00 0.00e+00(+) 3.80e+00(+)
Cifar-1000-1000 -9.2e+04 10 1.89e+03 2.35e+04 0.00e+00 1.00e+05 9.99e+04 1.80e+03(+) 9.99e+04(+)
randn-500-1000 7.0e+03 10 3.66e+02 2.66e+04 3.10e+04 5.11e+02 0.00e+00 5.13e+00(+) 4.69e+00(+)
w1a-2477-300 1.5e+04 20 5.30e+02 4.27e+03 3.90e+03 3.90e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 2.0e+04 20 1.40e+03 2.96e+04 3.75e+00 3.75e+00 0.00e+00 9.84e+02(+) 1.10e-02(+)
20News-8000-1000 2.0e+04 20 1.45e+03 9.38e+04 1.66e+00 1.66e+00 0.00e+00 1.45e+03(+) 1.30e-02(+)
sector-6412-1000 2.0e+04 20 6.05e+02 6.35e+04 4.27e+01 4.27e+01 0.00e+00 1.37e+00(+) 1.19e+00(+)
E2006-2000-1000 2.0e+04 20 1.65e+03 3.21e+04 6.38e-01 6.38e-01 0.00e+00 7.18e+02(+) 1.83e-03(+)
MNIST-60000-784 -2.2e+05 20 3.90e+03 2.41e+05 2.41e+05 2.41e+05 2.42e+04 0.00e+00(+) 2.78e+04(+)
Gisette-3000-1000 -1.0e+06 20 1.91e+04 5.27e+05 1.20e+05 3.38e+05 0.00e+00 7.17e+03(+) 1.00e+05(+)

CnnCaltech-3000-1000 1.9e+04 20 2.02e+02 6.88e+04 8.74e+02 3.90e+02 0.00e+00 1.09e+00(+) 4.63e+00(+)
Cifar-1000-1000 -8.1e+04 20 1.56e+02 9.10e+04 1.04e+05 9.83e+04 9.72e+04 0.00e+00(+) 9.72e+04(+)
randn-500-1000 1.4e+04 20 4.49e+02 8.47e+04 3.54e+04 8.21e+02 0.00e+00 1.10e+01(+) 1.69e+01(+)
w1a-2477-300 8.8e+04 100 3.43e+03 1.06e+05 8.92e+03 6.89e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 1.0e+05 100 6.78e+03 7.04e+05 4.45e+00 4.45e+00 0.00e+00 5.55e+03(+) 2.74e-03(+)
20News-8000-1000 1.0e+05 100 3.61e+03 1.38e+06 9.26e-01 9.26e-01 0.00e+00 3.53e+03(+) 1.41e-03(+)
sector-6412-1000 1.0e+05 100 4.10e+03 1.28e+06 7.45e+01 7.45e+01 0.00e+00 3.40e+03(+) 3.12e-01(+)
E2006-2000-1000 1.0e+05 100 4.13e+03 7.75e+05 6.72e-01 6.72e-01 0.00e+00 4.13e+03(+) 4.60e-04(+)
MNIST-60000-784 -1.7e+05 100 5.23e+04 6.81e+05 1.02e+05 2.72e+05 3.46e+03 0.00e+00(+) 5.25e+03(+)
Gisette-3000-1000 -9.9e+05 100 5.98e+04 1.91e+06 4.30e+05 5.83e+05 2.23e+04 0.00e+00(+) 3.06e+05(+)

CnnCaltech-3000-1000 9.8e+04 100 7.62e+02 1.31e+06 1.39e+03 9.93e+02 0.00e+00 1.41e+00(+) 1.23e+00(+)
Cifar-1000-1000 -1.9e+03 100 6.77e+02 1.48e+06 8.63e+04 8.63e+04 8.25e+04 0.00e+00(+) 8.25e+04(+)
randn-500-1000 7.2e+04 100 2.91e+03 1.35e+06 2.22e+05 2.74e+03 0.00e+00 6.90e+02(+) 3.33e+00(+)

λ = 1000.00, time limit=60
w1a-2477-300 7.0e+03 10 3.03e+02 2.58e+03 2.59e+03 2.59e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 1.0e+04 10 1.24e+03 1.98e+03 3.40e+00 3.40e+00 0.00e+00 5.19e+02(+) 3.09e-02(+)
20News-8000-1000 1.0e+04 10 8.94e+02 1.32e+04 1.49e+00 1.49e+00 0.00e+00 3.19e+02(+) 3.07e-02(+)
sector-6412-1000 1.0e+04 10 2.88e+01 1.18e+04 3.00e+01 3.00e+01 0.00e+00 1.29e-01(+) 3.68e-01(+)
E2006-2000-1000 1.0e+04 10 3.87e+02 5.62e+03 6.18e-01 6.18e-01 0.00e+00 3.87e+02(+) 1.59e-03(+)
MNIST-60000-784 -2.2e+05 10 1.71e+02 2.27e+05 2.27e+05 2.27e+05 1.16e+04 0.00e+00(+) 8.33e+03(+)
Gisette-3000-1000 -1.0e+06 10 2.62e+04 3.30e+05 6.93e+04 2.65e+05 0.00e+00 1.97e+04(+) 4.01e+04(+)

CnnCaltech-3000-1000 9.6e+03 10 1.06e+02 1.29e+04 1.19e+03 2.90e+02 0.00e+00 0.00e+00(+) 3.80e+00(+)
Cifar-1000-1000 -9.2e+04 10 1.89e+03 1.30e+04 0.00e+00 1.00e+05 9.99e+04 1.80e+03(+) 9.99e+04(+)
randn-500-1000 7.0e+03 10 3.66e+02 1.44e+04 3.09e+04 5.11e+02 0.00e+00 8.04e+00(+) 4.69e+00(+)
w1a-2477-300 1.5e+04 20 5.30e+02 4.03e+03 3.90e+03 3.90e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 2.0e+04 20 1.40e+03 1.19e+04 3.75e+00 3.75e+00 0.00e+00 9.82e+02(+) 1.10e-02(+)
20News-8000-1000 2.0e+04 20 1.45e+03 5.00e+04 1.66e+00 1.66e+00 0.00e+00 1.45e+03(+) 1.08e-02(+)
sector-6412-1000 2.0e+04 20 6.05e+02 3.08e+04 4.27e+01 4.27e+01 0.00e+00 1.37e+00(+) 1.19e+00(+)
E2006-2000-1000 2.0e+04 20 1.65e+03 1.64e+04 6.38e-01 6.38e-01 0.00e+00 7.18e+02(+) 1.70e-03(+)
MNIST-60000-784 -2.2e+05 20 3.92e+03 2.41e+05 2.41e+05 2.41e+05 1.17e+04 0.00e+00(+) 2.85e+04(+)
Gisette-3000-1000 -1.0e+06 20 2.03e+04 4.31e+05 1.22e+05 4.61e+05 0.00e+00 7.84e+03(+) 1.07e+05(+)

CnnCaltech-3000-1000 1.9e+04 20 2.02e+02 3.98e+04 8.74e+02 3.90e+02 0.00e+00 1.09e+00(+) 4.63e+00(+)
Cifar-1000-1000 -8.1e+04 20 1.55e+02 4.42e+04 1.04e+05 9.83e+04 9.72e+04 0.00e+00(+) 9.72e+04(+)
randn-500-1000 1.4e+04 20 4.49e+02 4.65e+04 3.54e+04 8.21e+02 0.00e+00 1.10e+01(+) 1.69e+01(+)
w1a-2477-300 8.8e+04 100 3.43e+03 4.16e+04 8.92e+03 6.89e+03 0.00e+00 0.00e+00(+) 0.00e+00(+)

TDT2-500-1000 1.0e+05 100 6.78e+03 4.62e+05 4.45e+00 4.45e+00 0.00e+00 5.20e+03(+) 4.80e-03(+)
20News-8000-1000 1.0e+05 100 3.61e+03 9.50e+05 9.26e-01 9.26e-01 0.00e+00 3.53e+03(+) 1.43e-03(+)
sector-6412-1000 1.0e+05 100 4.10e+03 8.69e+05 7.45e+01 7.45e+01 0.00e+00 3.40e+03(+) 2.97e-01(+)
E2006-2000-1000 1.0e+05 100 4.13e+03 4.91e+05 6.72e-01 6.72e-01 0.00e+00 4.13e+03(+) 4.94e-04(+)
MNIST-60000-784 -1.8e+05 100 5.53e+04 4.36e+05 1.06e+05 2.75e+05 0.00e+00 2.94e+03(+) 8.25e+03(+)
Gisette-3000-1000 -9.9e+05 100 5.98e+04 1.45e+06 4.30e+05 6.84e+05 1.43e+04 0.00e+00(+) 3.07e+05(+)

CnnCaltech-3000-1000 9.8e+04 100 7.63e+02 9.73e+05 1.39e+03 9.93e+02 0.00e+00 1.58e+00(+) 1.62e+00(+)
Cifar-1000-1000 -1.9e+03 100 6.75e+02 1.16e+06 8.63e+04 8.63e+04 8.25e+04 0.00e+00(+) 8.25e+04(+)
randn-500-1000 7.2e+04 100 2.92e+03 9.34e+05 2.22e+05 2.75e+03 0.00e+00 6.92e+02(+) 5.80e+00(+)

Table 8: Comparisons of objective values (F (X) − Fmin) of L1 norm-based SPCA for all the
compared methods with λ = 1000. The 1st, 2nd, and 3rd best results are colored with red, green
and blue, respectively. If the objective values of ‘LADMM+OBCD-R’ (or ‘ManPG+OBCD-R’)
are smaller than those of ‘LADMM’ (or ‘ManPG’) by a margin of 0.1× a, where a represents the
objective values of ‘LADMM’ (or ‘ManPG’), they will be marked with (+).
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